Probability and Statistics PhD Qualification Exam

Probability and Statistics

PhD Qualification Exam

Mock Examination No. 5 — Solutions

Problem 1 10 points
P T AR X RIS, K jointly Gaussian. HAZXT5 20

Cov(PX,(I — P)X)=P(I — P)=0.
Jointly Gaussian vectors ZEA7 X5 22 B fdia7 .
BOESSHFEAF P 3ty diag(Zy,0). IERAZES

IPXI?~ X7 (T =P)XI? ~ xis
HFpSr. i
|PX|]?/r

(I = P)X|[?/(n—1)
ST Gamma variables ) F P IR 45 H

||PX||2 r n—r
~ Bet - — .
Bt A

Scoring guide (10 points). BRI 2 4. MK 1 4 S 1 5, P4
WArF) 2 4y F 40 2 4. Beta 430 2 4%

~ Fr,n—r-

Problem 2 15 points

B Yok = anp Xpo BHATARMST . Pk, HEZER Y a2, = 1. Lyapunov quantity J /&
Mp, 1
S RVl =EIX P a0 < BIX P (mkax |ank\> > ad, —0.
k=1 3 3

BTPA Lyapunov triangular-array CLT 4 iBscdbi e, 153

Mn
Z anka i} ]\7(07 1).
k=1

BRI E S, Bomy, = 1,am =1, HHRUE—H0f, HZE—. FRIFAEBEEIEEST
X1, 140 Rademacher variable, M&EANFAIEST X1, AAlREEATAREELS.

HEIRYH L2 Lindeberg condition: X4EA4~ e > 0,
> EVAlgy,se] = 0.
k

TE R Z#T— H. infinitesimal 2541, Lindeberg—Feller CLT B n]fi ], £ (24 0) moment,

Scoring guide (15 points). ZMAFEF|EEME 2 2 48, Lyapunov [ 4 4y, EH 5250 3 4
EE ) 4 435 Lindeberg condition 2 43
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Problem 3 10 points

Tower property 45 H
E(Mn+l ’ fn) = ]E{E(H ’ fn+1) ‘ FTL} - Mn’

>~ martingale, Conditional Jensen inequality %51 EM2 < EH?, JfPA L? bounded.
#r g >, W
E[(Mit1 — M;) (M1 — M;)] =0,
oA A i )2 Fj-measurable, TMIEIRIGRLE F; HI&H9(EAZ. T2 increments 7 L?
1EAZ, Pythagorean identity 25 H

n—1
EM; =EM; + ) E(My — My)®.
k=1

¥ Hilbert space L? o1, M, & H | F450] L*(F,) MIEATE . X EFo3m) b, HIr
£ 2 L?(Fao)o Nested projection theorem A %5 H

M, — Projizz_yH =E(H | Fs) in L*.

Scoring guide (10 points). tower property/martingale 2 43, Jensen F 5L 1 435 WEIER 2 4.
PHAESE 148 B 2 . IRRERRGIA L2 458 2 4.

Problem 4 15 points

H Fubini theorem 5 Brownian covariance Cov(Bs, B;) = min(s,t),

11
1
Var(A):/ / min(s,u)dsdu = -,
0o Jo 3

PAK
1 /2
Cov(By, A) = / min(t,s)ds =t — 5 = c(t).
0

(B, A) jointly Gaussian, fffPA Gaussian conditioning formula %5 H
Bi|A=a~ N (3c(t)a, t — 3c(t)2) .

E X
Wt = Bt — 3C(t)A

N Cov(Wy, A) = c(t) — 3c(t) Var(A) = 0. D (Wi)o<i<1 5 A jointly Gaussian, #FTA AR
e 5 A Mr. HibrZER

Cov(Wg, Wy) = min(s,t) — 3e(s)e(t).

H By =W; +E(B; | A).
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1
B1|A:a~N<32a,4>, P(B;1 >0]| A=a)= ®(3a).

Scoring guide (15 points). XWERVY/J52E 2 40, W2 2 40 FAEMTZES 2 45 HzEd
1A MorbE 1 4. thFZE 2 4 t=1 M1 4. M 2 45

Problem 5 15 points

PR IR N
0+1
/ 2(x —0)dr = 1.
[4

n

L(O;z) =2" H(CIJZ —0) Lz —1<t<z)}-
i=1

FEZ likelihood 2

i dominated-family minimal-sufficiency likelihood-ratio criterion, JFEA x, y J& T [A]— statistic
fiber 24 HAYY L(0;2)/L(0;y) 5 0 To. £ support intervals

(@) — Lzw) M (Ym — Lyw)

AL, W ratio FERASEIX B M IEEAS BB 2, AATRENF R # XIEFHE, A i s A
s AL FIX A ratio 2N —Z T [1(xi—0) 5 [1;(vi —0) Z . EFRhEE, KK
BRI ECH—, FH polynomial identity 15 MR i multiset #H[7], B4 order statistics
ST A S B MST . R T minimal sufficient,
4 R = Xy — Xayo BI% X;— 0 MIERAGAIHE 0, R 2 ancillary; FR R 2 T 197 %
EiBbEE. & c=EgR (BEH 0 %), W

g(T)=R—c

ST 0 YWE NEEA as. HZE, HIE T A complete,

Scoring guide (15 points). [H—4k 1 43, 52%& likelihood/support 2 4); ratio criterion 2 43,
support interval WMILPE 2 4. ZIWRESEL 3 4. FTEE5E 1 45 ancillary range 2 43, E¥{EHIE
RGBT 2 51

Problem 6 10 points

Y K=Y 1ix,<my. HEMS F(m)=1/2 444 K ~ Binomial(n, 1/2). R B 1) Fo A 3 5
ZIE . MR 0 <k < [n/2],

(X <m < Xyt ={k <K <n—k}

B BAR RS A AT . R e KA K
n—k
()

Jj=k
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(k=0 BWE, HehELXE (—oo,00)), W [X k), X(n—kt1)] & distribution-free coverage
201 — o XE. FTE exact equality BFIFEFHSE & FLN 2 [ BEATLAL .

# fAE m iEZEH. f(m) > 0, sample quantile CLT (7] empirical CDF CLT F ikt eIt
152 2

\/ﬁ(m—m)iN@,M).

Scoring guide (10 points). Binomial count 2 43, order-statistic event 2 4. index/coverage 2 4);
quantile CLT &4 2 4. HZE54EE 2 4.

Problem 7 15 points

Multinomial likelihood ¥£ simplex |

KA. ]

3 N, )
—210gA:2ZNilog =: G*,
1 npio

H2E 0log0 = 0.

FARESEZ 4k simplex [ interior point (FFA pio > 0), multinomial model Y H. informa-
tion fF 423 8] FIE# 5. Unrestricted model 5 point null {9 4E%2%4 2, it Wilks theorem
Zaih

é\Ai:Ni—npioo EHO—FAi:Op(\/ﬁ)J H

A ) A A? ~3/2
log {1+ = - L4 0, (n3?).
s ( npio npio  2n’ph bl )

A G2, i 0, A =0, &RIETUNA, — I
2 \ Az 2
G* = Z; e Fopl(1) = X%+ 0p(1).

B AN GE R AT KT x5, 4", 53] asymptotic level a.

Scoring guide (15 points). MLE 2 43, LR #5 2 43, i EZE 1 4 Wilks 488 2 4>, 1IEN
M1 5y MRBR 1 435 Taylor BBIF 2 43 RMEHGIE 2 4. 0p(1) HHN 2 43,
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Problem 8 10 points
AMERESHL = AUERE 60 € [a,b], SIPASE [o,b) AR
Mo(=) 0] < |2 — 6]
4 2= 0(X), FIHIRESML, I E, 13
R(6,6%) < R(0,6) 31540 € [a,b].
M Po{6 ¢ [0} > 0 1, LIABRBI RGN L, W HEURAI, 3 RO,6%) <
R(0,6). WHRNES—PBEG . WIESHORM, W 6° PR LR 6. FIA—4 admissible

estimator AW AERA IEARRHA_ ERFISHIX 250 HUHBGE S BT (BT 24
TEAERIRALE).

Scoring guide (10 points). ZFRHEASEN 3 40 P BUHRGE 3 X L 2 405 A4 2
4y strict domination 1 4}, admissibility J55% 2 4}
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