Probability and Statistics PhD Qualification Exam

Probability and Statistics

PhD Qualification Exam

Mock Examination No. 3 — Solutions

Problem 1 10 points
AR ESA T X TR, eZ2 £ 2, Bibh X,Y %k N(0,1). H
Cov(X,Y) =E(eZ?) = EcEZ% = 0.

SR X2 = Y2 as; HFNESARRMNL, W X2 =Y? b ®E. FILer R e, #
(X,Y) jointly Gaussian, WP ZR@mEMAL, AT A, BreAzlaEA jointly Gaussian.

B Y =y, MIESXFRE, WRHTHE (e, 2) = (Ly) 5 (=1 —y) BAMEME. ik
Law(X ¥ =)= by +

N]
E(X|Y)=0, E(X?|Y)=Y2

Scoring guide (10 points). PIM#AGHA 2 70, W22 1405 AMSL 2 70, ARG R 12 &%
PF R 2 2 PSR 2 g0

Problem 2 10 points
i i.i.d. central limit theorem,
X
2iXi 4, N(0,1).
ov/n

i1 strong law of large numbers (55 KEEAN 202,

1
—> XIS EXT =07
n =

7

MR E T, IFA

T, = > Xi/(ov/n) 4 N(0,1)

> X7/ (no?)

i Slutsky theorem %37 .
1 EX1 = p# 0, WA LLN 435025 1
Tn nil Zz Xz a.s. 1%

Scoring guide (10 points). CLT 2 43, F50i LLN 2 43, /- 8FFHM 1 4. Slutsky MZ58 2
555 AEFHMETIHA LLN 5% 3 5.
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Problem 3 15 points

A qg=1—p, ¥ likelihood
L(p;x) = p"g>i™,

it PA factorization theorem 5 T =3, X; 4. X

t—1
P, (T =t) = <n+t >p”qt, t=0,1,....

tr Epg(T) = 0 XAy 0 <p <1 Wz, WIERPA p" )5,

> —1

;g(t)<n+;f >qt:0, 0<qg<l.
L AT R DA SO N, M A RPN, Tl g(T) =0 as., B T 584,
E X

n—1
oT) = n+T—1
I e 2
n—1 n+t—1\ (n+t-2
n+t—1< t )"( t )
CIEES

n n+t—2 n —(n—
5o =S (") =Y

t>0 t
0 J& complete sufficient statistic B LW eR%L, i H Lehmann—Scheffé theorem, ‘& & p ) UMVU

estimator,

240 <p<1Ht, log-likelihood A nlogp + T'log(l —p). FEAIKY ESE=EN (0,1] I,
"

n+T’

Hp T =00 p=1, SRS ABRBLDFBE, MEE0<p<l, FH X —q/p, B
M. X Var(Xy) = q/p?, % g(u) =1/(1 4+ ) i} CLT F1 Delta method:

p=

V(B —p) % N(0,p%9).

Scoring guide (15 points). factorization 2 3. T 537 1 43, FEL completeness 2 4); {5k
AL 2 4y, HETESR 5T 3 4. Lehmann-Scheffé 1 4y; MLE 2 4. CLT/Delta #F 2 4.
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Problem 4 15 points

X 0 < p < 1, Bernoulli CLT 454
~ d
Vi(Bn —p) % N(0,p(1 — p)).

Ep=00, X;=0as., # p, = 0as. XA n HELL, TP OAGHNRBILT . B
) MLE asymptotic-normality theorem 3K HL.Z4 /& 2425 8] N & H. Fisher information H R
U ARAREFRR: XH p =0 2R, SFEENRETEMMRTT, SRR NZ e,
% pn = A/n B, i
npy, = ZXZ- ~ Binomial(n, A/n) 4 Poisson(\)
=1

A law of small numbers., H It
1n(Pn — Pn) LN Poisson(\) — .

1}

X — A
\/ﬁ(ﬁn_pn) = Zl\/ﬁ £>07

PRI A T2 tight (SFSC RIS . VA Vi AREETE UL R SRR 4 B IBAARBR .

Scoring guide (15 points). PN CLT 4 435 B FUREHI-1 2 43 IEW 18T 2 435 Poisson %
B3 4. HDAIRIR 2 45 /o 1BABIREE 2 47

Problem 5 15 points

log-likelihood 2y £(0) = 3, log fo(Xi). ELHEMMITTF
C0)=> 2F(X:) -1}, £(0) = -2 fo(X;) <0.
i=1 1=1

2§ — —oo i} score BT n, ¥4 0 — 4oo BT —n. BELEH“FEE T score A ME—Z 5,
%5 ME— MLE,

# U = Fp(X), N probability integral transform 254 U ~ Uniform(0,1), T score A
2U — 1. A

I1(0) =E(2U — 1)* =

% family FILFESCHE, XTMESEOUN, FEAMRAES 0 JoX, score MBI ik
regular MLE theorem & ffj :

Wl

V(@ —0) % N(0,3).

BAE median 52 0, H. fp(0) =1/4. Sample quantile CLT 25 H
1
Vn(M, — 0 i>N<o,> = N(0,4).
( ) 4fo(0)? 0.4
7 squared-error ffJ asymptotic variance L |,

~

ARE(M,,0) = Z
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Scoring guide (15 points). score 2 43, A& M R P mi R 3 45 PIT 5158 2 4. IEN &4
14y, MLE #%FRE 2 43; median CLT %4552 3 4. ARE 2 4y,

Problem 6 15 points

#d'Y 3T =c"B K, W
d'XB=c'B MPAB,

FEMT XTd=c, HceC(XT). RZ, #c=X"d, W d"Y BRI MmAGTTHE . SRR T
FEEES

2

T=c' XY, do=(XN"e
PR XTX 2% C(XT) MIESRE, ' XTX =c', k7 Kfw. Hh2n
Var(7) = o2||do||® = o2 (X T X) "
TN TMEH AW X Td=c. & h=d—dy, W XTh=0; [ do € C(X), #k do L h.
T2 [|dl* = lldol|* + [|AI[?, UEW] 7 2 BLUE,

A Px = XX*, Cochran theorem 5!

(n —r)s?

2
o2 ~ Xn—r»

H s* 57 Mor. P Ey

T & thriapsy/c (XTX)Te

Scoring guide (15 points). WEME 3 43, F8704% 2 435 Moore-Penrose #i&E 5 TR 2 2. 2 1
g IEREMME 3 405 RSS 0t /Martt 2 4. X 2 43

Problem 7 10 points

ST =3, X2, kN
L(v) = (2m0) " exp{~T/(20)},

v ="T/n (T =0 2FMMEHIL) . & a=T/(nvo), N

—2log A = 2{{(v) — l(vo)} =n{a—1—loga}.

AE Ho F T/vg ~ x3. IS co T2
P<n{Q—1—logQ} >ca> = a, Q~ Xz,
n n

HAEG AT R KT co WHEL, BN exact level-a GLR rule, tHAPRHELAIG SR T /vo < qr B
T/vo > qu, HAFWEH FE-— likelihood-ratio level set 5 EMER o HFEE.
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vo > 0 B—IFSEASR N A, support [# 5, normal scale likelihood Yy HAG B AEFAT 5, #it Wilks
theorem i [ :
—2log A 4 3.

BRI —21og A > X3, o

Scoring guide (10 points). likelihood/MLE 2 4. GLR Az 3 4); ¥5#f pivot 5 exact rule 3
435 Wilks S54RI 2 43

Problem 8 10 points

posterior kernel

— )2
70 | y) o exp {—(yw) - )\\9\} .
K. posterior mode S (T~ /M 41 R AL

(0 —y)*
202

Qo) = + A0

TE 0 >0 B—r &g 0 =y — Ao?; HE 0 <0 B 0 =y + Mo?. EZE S subgradient 5%
0 € —y/o? + \[-1,1]. FrPA

Oriap = sign(y)(ly| — Ao?)+,

H |yl < Ao? W}HE— mode AT (HIFHS).
Squared-error posterior risk FME—H% /5 2 posterior mean E(6 | y), A& posterior mode. %

posterior Jl# AXFET mode, BMEH—BAIR; AHEIL MAP PUMFRIEFJ7 #12 TH) Bayes

estimator,

Scoring guide (10 points). posterior kernel 2 435 "M H AR 1 43 IE G X —Fr 4514 2 43, subgradient
BUE 2 4. 58%& soft-threshold 1 4); SFE 5 #i4< F posterior mean ZI[X 5] 2 43,
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