Probability and Statistics PhD Qualification Exam

Probability and Statistics

PhD Qualification Exam

Mock Examination No. 2 — Solutions

Problem 1 10 points

REFBMEX AL, (U, V) MNRITFAETTI—IRK . 28BN m. WE v, WEBVME
mr, Jacobian & m. K

fur(m,r) =2m lio<m<1, 0<r<1}-

m

BUIH

ar

fu(m) =2ml gy (m), fr(r) =1 1)(r).

BREHENEN frfr, M LR, H R~ Uniform(0,1). X min{U,V} = MR, FrPA

M
E(min{U,V}| M) = MER = —.

Scoring guide (10 points). Z8#ft, WHLXIS Jacobian 4 43, 7#F 1 435 W& 2 4.
SEPE L s AR 2 4

Problem 2 10 points

SHEE € >0, 24 n? > e i,

1
P(|X,| >¢) =P(4,) = — =0,

n

e X, B 0.5 —)5T > P(Ay) = oo HEFMATL . 5 — Borel-Cantelli lemma Z5H P(A4,, i.0.) =
L, 7EXSEIR B X, =n", FiPA X, AAREJLTAL L T2

Xt p>0,
E|X,|P = n"?P(A,) = n"?L.

BRI X, — 0 in LP 24 HAY vp < 1. HrilHe

0, ~<1,
EX,=n"""1=<{1, ~=1,

oo, v > 1.

X E7/R T convergence in probability 7 ANZi¢5 convergence of expectations.

Scoring guide (10 points). MKHERILEL 2 435 55— Borel-Cantelli f)55c/4 5 LA L5 3 435
LP JEiT8 3 4y ZRMWEIEE 2 4.
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Problem 3 15 points

BOIRAS 0. 1,2,3 489278 2 KR40 empty. H. HH. HHT; R4 3 . Felkas
K, BRI,

1/2 1/2 0 0

1/2 0 1/2 0

0 0 1/2 1/2

0 0 0 1

BN HH B8] H I, SHI% R4 01 T,

4 Fi(s) JOMIRS i BV A ASNHFI 1) pef, Fy = 1. First-step analysis %y

P=

F():g(F()—i-Fl), Flzg(F0+F2)a FQZg(FQ+1)
RS
o — E[sT] = Fy(s) = i 0<s<1
2Ty T T e —2s—s2) '
BFRAEZIEART] s = 1 HAEHN 1. KIPEXECK S,
ET— Fj(1) =3+ —+ 212 _g

9-1"4-2-1_

Scoring guide (15 points). JRISEX 2 40, ¥R 3 435 =4 first-step HHE 3 4. KfE pef
345 i pef KIYMH 4 43

Problem 4 15 points
Poisson process P PRI R4 TEASMIAE b, 25 SBRECh n 5, A EIETEA M H
T 26 PEI 2 5 T K BB . 4 A A520, 78] unordered 1k 24 n A Li.d. Uniform(0, T)
s R

n!
flt1, ..ty | Nrp =n) = ﬁ1{0<t1<--~<tn<T}-

#rn <1, BIRAMHESNISL. H#n>2 H0<I<T/(n—1), {EAH v =t — (i —1)0. A
tiv1 —t; > 0 FMT
O<vm < <oy, <T—(n—1)0.

AR [T — (n — 1)8]"/n!, WUFFRZAHER N

<1 (n Tl)(S ) .
#0>T/(n—1), HENE.
A Cs NIEBE AT § 19 unordered pair #{. M Poisson process [ i Campbell formula (i
ASESE Nr J5it )

52
EG;—A2/1 Ht8<ﬂdsﬁ-—A2<T5—>.
0<s<t<T - 2

Scoring guide (15 points). {4} order-statistic £51& 51FHH 5 43: PA4EFEZARE 3 43, 1AFH 2 4.
HFAEIE 1 435 pair-count B4 2 430 53R 2 45
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Problem 5 15 points

Brownian motion JL-F-Ab4b L sk i reflection principle AJ#5 P(1, > t) — 0, #{l 7, < 00 a.s. &
k =2\, Itd formula FHH
M; = e cosh(kBy)

J& martingale. %t 7, An ffiff] optional stopping; {£1l5] |B| < a, #f&EIE)EHA8EH cosh(ka)
¥z, W dominated convergence, Ti&

1 = EM,, = cosh(ka)Ee ™,

158 5% Laplace transform,

FE A =0 B,

4
sech(aV2)\) = 1 — a®\ + 5%)\2 +0(\?).

A FHE 1 moments; AT BRI W] B AR/ 2R i AR (SR HE, IR HEEUR) 155,
I A

2 = 5%, Var(r,) = 2%
PRI B — —B fFF Wiener measure, ANKAE 7,, AAZHRI R G KT Borel
£ AC[0,00),

4

P(ry € A, B;, — a) = P(ra € A, By, — —a) — %P(Ta € A).

JrPAIR 5 1A S A7, H. indicator R A Bernoulli(1/2).,

Scoring guide (15 points). BHARME 1 4. 540 martingale 2 4. optional stopping 4545748
e 2 73 RIF 257, WIS 3 4y ROAMB®ARIBIE 3 73, 2P Bernoulli 4 2 73,

Problem 6 15 points

Metropolis FLIZ5 H

i 1
P =1, PGi-1)= P(i,i) = 1<
(i,i+1) =3, (1,1 ) 1) (i,1) G +1) <i<m,
m m + 2
P - 1)=— P - =
(m,m ) 2(m+1)’ (m,m) 2(m+1)

AT FHAREE RS M IE  BUBEAS T 240 s BEAVIRAS AT 1E self-loop , # Al E3 ST AHAR 4, 5, Metropolis
Hay 3 E 4
miq (i, 3) min(1, 7; /mi) = wiq (4, 4) min(L, 7 /7;).
Rt detailed balance B3, 7 P, A FRA ] 2P ELRIE Ao fE—.
Kac return-time formula %54

1 m+ 1)(m + 2
EOTOJF_']TO_( )2( )
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HIR. AnT2y. AERIAEER) ergodic theorem 25 H

. m(s 5\ — . = 2(j+1)
nlg]goP (1,5) = mj = (m+1)(m+2)

Scoring guide (15 points). STHFEBMER 5 45 R 5IEMMA 1 4, detailed balance 3 4
ME-—SEFatE 14 Kae 230 2 4>, HFR 2 4.

Problem 7 10 points

4 X =Sy/n. £ 0< S, <n Hf, _
~ X
= _.
1-X
AEPIE [0,00] -, S, =0 i MLE 5 0, S, =n B}y +oo.
S E N p, CLT 4t a(X —p) S N(0,p(1—p))o B g(p) = p/(1-p), g'(p) = (1-p) 2,
Delta method %

Vi@ —-6) %N <o, (1_pp)3> = N (0,6(1+6)%).

Xf h(p) = log[p/(1 - p)],

Vn{logh —logf} % N (0, p(ll—p)) .

% o= (nX(1—X)}V2, 535 log 0 + 2oy, FHEEULTIAHEA I odds [MTIXE .

Scoring guide (10 points). MLE K15 3 4); CLT. Delta derivative 5752 4 4); log-odds
JrZe. PRUEGRFFEELIXE] 3 4.

Problem 8 10 points
£ Hy THEIL[EBZE A A, Poisson splitting 25 X | S = s ~ Binomial(s,qo), HH ¢ =
tl/(tl +t2), 5 A %?‘éo

K EEA S, PEREEREEL s NI Vs € [Oa 1] (i

Py (X >cs | S=5)+7Pp (X =cs | S=5) =0

M X > cs WHEAL, X = cs BRMIER s 548 FRilH, s =0 B o = oo TRWEA s 1Y
conditional size #ii2 o, W AARUEXTEE]S nuisance rate [1) unconditional size H}& o,
TFE—SEE, X | S =s BHIMER t101/(t1\1 +t2)2) 1) Binomial(s, ) 285, A1 > Ao BHZAL
IR 4% KT qo. Binomial family £ X 1 E4F monotone likelihood ratio, i Karlin—Rubin
theorem (E(iZ4> s {#i il Neyman-—Pearson lemma) $iH]_FiA upper-tail test ¥EREASSEEA S
[N UMP., HILEFERTA conditional-size-a tests Ht UMP,

Scoring guide (10 points). £4 4375 nuisance 4 3 435 FEWULIERME 3 2. FEHG &4/ G
%A size 1 45 BT HMES%01 4. MLR SHMH: 2 4.
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