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Mock Qualifying Examination 10
ZHEME G E R

Problems 1-5 3£ 80 4; Problems 6-7 —i&—, i 20 4.

Problem 1  [10 points]
eSS
27k,
JEIE lower bound. F3 EHFHEHE
fr(x) =2 -, 0<r<l.

XAEA AR 45 SR/ transcript, e AT BERIAR MR IX [A] [L, R]. # F—IX query fLTiZXIHM,
adversary EFFH K F—MIENH possible-root interval, FFiR Bl 5ZMAHZE K] sign; #& query
A F X a4k, R [A] B monotonicity GRE| ) sign, XIEIAZE., F2EK query FKER L HEE%H
¥, 8k JEUE—A transcript il 2
R—L>27F

AT PAFE o BN B X TR N AT — 5 BT PR queried points; PREL f, 5453 answers AH%
AT certified output interval #2040 %A possible-root set, H: worst-case KEE/DN 275,
query & & fy R HE MR branch B ATHEFTZAE, {H adversary A X LA RR &, BT LA SR worst
caseo

H—J7H, IR query HAT bracket A midpoint, FH strict monotonicity R & %E sign
change f1—2F. k XJ5 bracket KEHB N 27F, KB FH,

ESES (10 4)  adversarial/decision-tree lower bound 6 45 M KES equality edge case 2
s IAFE] N FEH) midpoint algorithm 2 43

Problem 2  [20 points]

i
1
q(z) =~/ f"(x), Q= ; q(x) du.
it
2
lim n?E, = Q—
n—00 8

JeH AL local estimate. X cell J; = [wi—1, 2], 2 hi = x; — xi_1»
. " 1
m; = min f", M; = max f",
Ji Ji
4% e; A% cell L1 maximum interpolation error. HiT f strictly convex, linear interpolant {7

T f b5, #r#E remainder formula 7£ midpoint 454 F 5%, fEAEE S H EF-

2 h2
%Seigw‘ (1)
8
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Sk upper bound. %E# nodes fif
/zi Q(x)dwz% 1<i<n. (2)

IR ¢ > /m, 1% partition [ mesh size A O(n™1). W wy, A ¢ 1 modulus of continuity.
(1)-(2), uniformly in i,

Q 1
V8e; < hi\/ﬁi < . + hjwg(max h;) = E(Q + 0(1)).
i 2
limsup n’E, < . (3)

FHIE lower bound. uniform grid 5 (1) &% H E, = O(n™2). B near-minimizing partitions
Tn» 18
E(T,) < E, +o(n™?).

H (1) & m; >m,

max h; = O(n™1).
T M;/m; =1+ o(1) uniformly. X
/ o) da < hi /M < \/SE(E),/% = VBE(T,)(1 + o(1)).
Ji i
XTI cells KA,

Q@ < n/BE(Tn)(1 + o(1)),
NI}

2
liminf n’E,, > = (4)

n—oo
(3)—(4) LW} sharp asymptotic. HI (2) & X partitions /& —Jf& asymptotically optimal grids; F
limiting node density 1IEET ¢ = /f7. XHEEHFFR finite n [ exact optimizer W AUE cell i &
(2).

ESE S (20 43)  local sharp comparison 4 435 #4i& (2) & limsup 5 45 near-minimizer mesh
control 3 73 liminf 6 775 45 A% K uniqueness 2 77
Problem 3  [20 points]
XERZ x, orthogonal decomposition %5 i}
|4z = b]|3 = || Rz — cl|5 +”.

KN HT observation J5 1 objective %5F
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IR n A~ plane rotations JH 28¢5 —1TH entries, FEEAHIF rotations 1EHE| appended
right-hand side:

R ¢
0 p

R ¢

G
aTB

,  G'G=1I (6)

J53Ef R nonsingular, FTLA appended matrix /4 full column rank, R % nonsingular. i norm
preservation, (5) ftA4
- 2
po [l

WO solution 55 minimum residual norm 43 %4

T = Rila Thew = 772 + PQ-

F5, p HZH compressed problem f residual component; AAEHIHEANHT residual norm x5
1 [p
% 7 A rotation REEHPATH N § FIFFEHEE entries, S work A

o

Y O(n—j+1)=0(®n?).
j=1

b5 triangular solve & O(n2); compressed state (R, ¢, fuew) 15 storage 9 O(n2), H. update
AR SE R . o 7R WP B enlarged orthogonal matrix.

ESES (20 49)  old residual decomposition 4 475 compressed row update 6 47; new solution

5 residual identity 5 77; rank/edge cases 2 75 complexity 3 3.

Problem 4 [15 points]

SRAPTA balance equations 15 21 B 24444

N
WY fi=Fyiij2— Fijp = g1 — g0 (7)
=1
XSRS A F B ‘
j
Figip=g0+hY_ fo (8)
=1

HHEAE face fluxes; (7) WBRIUERE — lux T g1 AJ5H
Ujt1 = Uj = hEFji1) (9)

W HE cell values. Up fEEF 1R R4 AT —1k solutions; EEME L Z N constant vector. i
% discrete mean, £ h3°,U; =0, #1335 normalized solution. (8)-(9) 55 mean subtraction
# 2 IR sweep, KL work A O(N).

B @A F(x) = —u/(x), W F' = f, Bl compatibility condition /&

1
/0 f(x)dx = g1 — go.
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T f; & exact cell averages, (8) HE—H4 1
Fi1/0 = F(jh)
TEREAS face LAEHARLOL . K
Ujs1 — Uy = —hF(jh) = ha!(jh),
I midpoint quadrature 25
w(wjp1) —u(x;) = h/(jh) + O(R?)

uniformly. # e; = U; — u(z;), N
ejr1 —ej = O(h%),
WEL N =1/h /1 cells BRUS, FTA e; I oscillation Ny O(h%). XH [ u=0,
N
WY ulxy) = O(h?)

Jj=1

B composite midpoint rule J37; Z54 b U; =0, W45 error [ additive constant. %

o N — 2
pax |U; —u(z;)| = O(h).

ESES (15 43)  compatibility FLE /3P 4 455 nullspace/normalization 2 43; linear-time

solver 3 7; exact face flux 5 O(h?) convergence 6 43

Problem 5 [15 points]

£
q; = a;U}.
M JE update Z&4 T
g = (1= 2ay)q} + Aajqfy. (10)
PR =4 HA
OS)\mjaxaj <1 (11)

i, (10) R4S § & convex combination. T#& scheme preservation of positivity, FfH.

[Ulloo 0 = mj‘@X\ajUj!

i 2

1T M| e < N0 o

00,4 —
HTF 0 < apin < aj < Amax> 1% weighted norm 5 ordinary maximum norm uniformly equivalent.

A (11) X Prf nonnegative data ] positivity /& sharp HJ. HHEAD Aa; > 1, B g; > 0 1M
gj—1 =0, W'F—41% component A 1; Uil Aa; = 1 W5EA VT,

4
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N> 00, steady grid state 2420 H. H 2005 2
qj = qj—1 for all j,

Al
X IESZE continuous steady family a(z)u(z) = C' i sampled form, FTLL scheme fi% family well
balanced. A = 0 I} update 4 identity, FTH states Z4ZAERAAE,
WA periodic summation 8 13-, U; FE#ifRE . XF smooth exact solution, it scheme FRLA
At, backward spatial difference %5
uzy,t+ A —u(zj,t) | (au)(@;,t) — (au)(wj-1,t)
At h
REAE fixed Courant scaling RN first-order consistent .

= O(At + h).

S ES (15 4)  hidden weighted variable 5 update 3 735 sharp positivity/CFL 4 435 weighted

contraction 5 norm equivalence 3 75; well-balanced states 3 43; consistency 2 77

Problem 6 [20 points; optional]

%L %

z(t) =e "
% 702 linear equation, HEZR1F
et 1 _
y(t):15+<b_1e>et/€' (12)
T
L I+e+ ¢
l—¢ 1—¢’
HY
Yapp(t) = (1 + e+ (b—1~ 5)€_t/6- (13)

R L Yapp(0) = b, FFH.

Y(t) = Yapp(t) = 157 (7" —e7te).

it A

sup [y(t) — Yapp(t)| < T =
t>0 — €

(12) AL et LI fast component ) amplitude A

1
1—¢

C.=b-—
X fixed b#1, Co=b—1+40(); M e RBPE |Ce| >0 HBBX . B5E X,

||

1
te zslogT zelogg+elog\b— 1| + O(£?).
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R E IE transient event scale /& elog(1/¢), MAMLAZ O(e)-

3

C.=— =0(e);

1—-¢
order-one fast component M\ —FFUHHARTEAE . #5{#FH [H— threshold |Cele™"/¢ = ¢, XtRif (A LA

1
te = elog . = 0(e?).

e, B

i C. =0, fast component #AEHHTH .

ESES (20 47) exact mode separation 5 47; uniform approximation 5 error bound 6 47;
elog(1/e) event scale 4 775 b= 1 degeneracy 3 77; exact prepared datum 2 77

Problem 7 [20 points; optional]

1. barrier objective A

n
®,(z) =z — uZlogmi.
i=1

feasible set ] closure P bounded, HAFfE strictly positive feasible point. ®,, fEfEfi component
T 0 BT +oo, FrPAHEH—4 sublevel set s& affine feasible set i & boundary [ compact set,

minimizer f£7E. Hessian
V20, (z) = p diag(x;?)

positive definite, # minimizer ME—.
KH Lagrangian
L(z,y) = "z — /LZlog:ci +yT (b — Ax).

stationarity 25

c—pX 11— ATy =o.
7E X

— T, _ -1

s=c—Ay=pX""1>0.
T2 (y,s) % dual problem
max b’ y, ATy+s=¢, 5>0
feasible, JfH
zi(p)si(p) = p-

Kt exact primal-dual gap N
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% primal optimal value N p,. H primal feasibility 5 weak duality,

0 < cla(u) —pe <np.

K4y P bounded, 1A py | 0 FPHIHA convergent subsequence z(uy,) — z € P. L5
objective continuity 44 ¢’z = p., WA cluster point #B+2& primal optimum. #F primal optimum
AME—, X—iBUEA AR whole path WS/ Fil5E 15 € /) optimizer.

ERZES (20 49)  existence/uniqueness 4 73; stationarity 5 dual certificate 6 47;  complemen-

tarity /gap 5 47; objective bound 4 cluster points 4 775 A% K nonunique case 1 77



