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Mock Qualifying Examination 09
ZHERE G E R

Problems 1-5 3£ 80 43; Problems 6-7 —i%&—, it 20 43

Problem 1 [10 points]

exact flow e'/ J& orthogonal matrix, FTLA exact amplitude %%, Euler step matrix N M) =
I+h. FIH JT =-J 5 J? = -1,

MEM, = (I —hJ)(I +hJ) = (1+h?)I.

K & — 5 Euclidean norm 3&LL V1 + A2, M

lynlly = (1 + 1) [lyoll

8 =2k =N complex number 5, —PMHM TR 1 +iho & t, =nh =T < oo, N
N P 3 :
nlog(l—kzh):ﬁ zh+?—|—0(h ) ) —iT.

# numerical solution 7E fixed time interval EYELE] e7/yo: H5 7 amplitude ratio #F 1.
K TH] |

lynll _ 7m0 2 nh’ 4

og = —log(l+ h*) = — + O(nh").

Juol] ~ 2 1B HI) =T Omi)

JIr LA —/™ nonvanishing amplitude scale & nh? = O(1), Bl physical time t,, = nh = O(h™1). #
tph = nh* — 7 € [0, 00),

y

vl o2
o]

XA fixed-time convergence 5 long-time qualitative fidelity #&/[A] ] /&,

ESEL (10 4)  exact norm identity 3 43; fixed-time convergence 3 43; critical scale 2 47;

limiting amplification 2 77

Problem 2 [20 points]

i partial fractions,
n

1 w;
w(z) _Zm—xj'

Jj=0

PIATE x; B residue #:2 1/w'(zj) = w;, HAE infinity AFEW; W% identity Moz. [F3HE, p/w K

residue 7& w; fj, T/
p(x) _ zn: w; f

l‘—:l?j

J=0
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P A RS 21

zn: w; fi
T — Ty
=0 !
p(a?) =n

>
w—xj

=0

evaluation R O(n) operations. #7 = = ., NMEEIRFA f.; HAI{E quotient F4 z — x,., 77T
53 BEP) singular terms AHVE G 2 [Fl—WHIR . BT A weights [FFR—MEZH AL quotient.

w(x) = w(z)(r — x4).

PR H 9 R

M#r weight H

-1

i = —— = | [[@— =)

J=0

THE 4 HIH weights 5 product %75 —iK traversal, FrLL&L cost /& O(n).
RZ, Mz, 5 6(z) =w(@)/(x —2,)e X j#T,

W (25) = (w5 — 2,)0' (),

[

w; = (r; — xr)wy, Jj#T

MERAH R, datum J5FIFER FF O(n) operations. —#H A #K H nodal polynomial 7 simple roots
AbFY) derivatives, P& A I normalization factor.

TFEPEL (20 47) P partial-fraction identities 6 43; evaluation quotient 5 node case 4 47;
adding-node weights/proof 5 77; deletion update/proof 3 4; complexity 2 77

Problem 3 [20 points]
B n > 2; HARW n=1, N matrix &N diagonal, FTHERILAIEAL. 4
k
Sk=> ‘az('j)|2 = HOff(A(k))H
i#]
plane rotation RfE (p,q) coordinate plane F{EH . XA r & {p,q}, P (ap,, agr) BEIENER:,

P07 AR EE; selected 2 x 2 principal block # X} fi1t.. T orthogonal similarity f£#F#4> Frobenius

norm, &H

2

F

Sk+1 = Sk — 2‘a1(7]f1)|2'

*i Sp >0, RATTERFES g
(k)12 > k
23| “n(n—-1)
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It A

2
< - -
ki1 = (1 n(n — 1)) ok

FH induction

2 k
<[(l1-—— — 0.
S <1 pyes 1)> So — 0

A~ AW #E A orthogonally similar, #{ eigenvalue multiset N4, T1fif |[AW)||, = [|A]lp &
diagonal vectors bounded. {TFH{— subsequence; ©H —" subsubsequence, H diagonal vector
WS F d. [FIE off-diagonal part %53?, HOR . matrices Wﬁﬁﬁ diag(d). Characteristic polynomial
X¥ matrix entries continuous, IM%F— ] characteristic polynomial #% T A W), # dy,...,d, 1E
A multiset 15 /& A I eigenvalues. T7& sorted diagonal vector fJ&:~ accumulation point /&

sorted spectrum; bounded sequence - IX—4> accumulation point, #{

sort (diag A®)) — sort(A(A)).

#HHE—2 S, =0, matrix £ diagonal, algorithm % 1k:; 3 diagonal entries ©L£8 /2 A ¥ eigenvalues,
ik LKWEE_LO

FERZE S (20 43)  rotation/Frobenius identity 6 4; max-pivot contraction 5 435 geometric con-

vergence 2 477; subsequence /spectrum argument 5 /7; finite termination 2 43

Problem 4 [15 points]

i
520, = LT 2]102] + Vi1

*T exact solution, ) A

h h

—Ohuj = fj - Euw (z;) — %U(G) (z;) + o(n%).
XH f=—-u"
h? h* W) 4
fi+ E(shfj =J ITh (z5) — Tagt (z5) + o(h®).

Fr LAFTK method #&

f] 1+10f] +f]+1
12 ’

1<j<N-1,

—0,U; = fj + 5th

Bl Uy = Uy = 0. ‘B FF left-hand matrix 5 standard centered scheme 524 . RN exact
samples J& residual N

R 6 4
Tj = %U( () + o(hY),
Hr o(ht) Xt grid points uniform; #{ local order /& fours
4 Aj, = —62 with homogeneous Dirichlet data. # Apv > 0, discrete minimum argument 45

H v >0, # A, entrywise nonnegative. X

1
wj = 525(1 — ;)
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FERAE A2 Apw =1, FEL

145 oo = 1431l , = maxew; <

oo | =

%ej:u(xj)—Uj, )I_\IU AhGZT; }J\ﬁﬁ

+ o(h?).

1
< el < 22
lelloe < 5 17l < 7555 4

At global maximum-norm convergence 1 fourth order.

WRES (15 49) KIL/HET RHS correction 4 433 Taylor coefficient 5 local order 4 43; in-

verse/barrier stability 4 7; global estimate 3 43

Problem 5 [15 points]
ic
N—1 -1 2
WIE=n Y vE WRe=n Y () = o
7=1 7=0

Xf fixed U™, 7ERIEARYEZS ] RV g
1 1 hR
_ n|2 2 4
@, (V) = % IV =U"[];, + §|V\1,h T ;1 Vi

ZREL coercive, HXHEE nonzero W,

N-1
D3, (V)[W, W] = —wah+Hth+3h§:v”Wa>0
7=1
FrbL ®,, A ME— minimizer. M discrete summation by parts, ‘& HJ ordinary finite-dimensional

first-order condition 1F+&
V-un

k
iV = Unt @45 nonlinear algebraic system HIME— solution; X k,h > 0 #IATFHFE CFL
restriction. XH V°3 £IR componentwise cube, ¥ 5 AMEMESN PDE formulation.
%€ X discrete energy

— GV VB3 =0

j V-1
En(V) = |V\1h+ ZV4

4 d=U"""1—U", ¥ scheme 5 d {F discrete inner product, F{#

(DLU™ !, Dod)y = *(\Unﬂ\? — U5+ 1dl7 )

[\

PLJ scalar convexity inequality
1
a*(a —b) > Z(a4 —bvh),

521

ST U < 0.

gh(Un-H) + % HUn—i-l Hh




THES N BT 09 ZHMRE

At energy %FHTfi positive time steps nonincreasing. 59/ monotonicity & (U™H1) < &,(U")
A] E.#2H minimizer 5 competitor V = U™ 43,
51 smooth exact grid values fRN, FFAE ¢, JEIF:

U(tn+1)k— u(tn) = wy(tpy1) — gutt(tn+1) +O(k?),

2

h 4

i u; — ugy + w3 =0, normalized local residual &

5}2Lu = Ugz +

k h?
_EUtt - ﬁumzmx + O(k2 + h4)

firLAiZ method # first order in time. second order in space, Ef local consistency order O(k + h?).

HRES (15 49)  KI finite-dimensional functional 4 43; coercivity/strict convexity 45 exis-

tence/uniqueness 3 77; discrete energy decay 5 77; consistency 3 43

Problem 6 [20 points; optional]

ic
fo=10),  f=f(0), r()=f(2)-fo- fz
ﬁj\ﬁg 1 d 1 d 1 ( )
x xdz r(z
1O [ wyath | myat ) wrat
HI T T5URG B N )
@arctani %log ! —;g .
ESJL:
f()arctani Wfo — fo4+0(e?),
f1 1+€ —f1log +O( )

BT feC? |r(z)| < Ca?, Hr( )/ JERE LTE?'J:):—O Ak

! 1 d
/0 r(@) <m2+52 _2> <C€ 0 foEQ =0te)
M 5E#E expansion /&
I(e) = 7”;0) + F(0) log / G =27 4y 4 0(e).

# f(0)=0Tm1 f'(0) #0, dominant term MN logarithmic; # f(0) = f/(0) =0, W

1
I(e)—>/0 @

HIREN O(e). HHMRL coefficients IHIRNE, BRI KAEH —H cancellation, {H@#Z5 regularity
ANHE T HEH remainder order.
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S ES (20 47)  1E# subtraction 5 77; P> singular integrals/expansions 5 4); finite-part
constant 4 47; remainder estimate 4 7; degenerate cases 2 77
Problem 7 [20 points; optional]

feasible set 7& nonempty closed convex set, objective continuous. coercive H. strictly convex,

Fir LA minimizer 7#7E H unique.
X} constraints z; — 2541 < 0 5| A\ multipliers \; > 0, H & Mg = A\, = 0. KKT conditions /&

i —yi+ X —Aio1 =0, Ai(z; — xiy1) = 0.

&

k

Sk = (% — i)

i=1

XHT k A stationarity equations >R F145

’Sk:_)\kSO; Sn =0,

Hwk<xk+1 Eﬂ‘ )\kZO, Fﬁu SkZOO
W B ={r,...,s} &—> maximal constant block, {E’4 pp.block F¥ii#i /& domain endpoint,
monotonicity #+& strict, #AHMN multipliers N . # stationarity equations fE block _FAH NS E

S
(5—7"4'1)#3—2%:0,

i=r

B

1
HUB = Ezyz

i€EB

N4 1 linear-time construction. KX y1, . . ., yn» I datum {EA—A> singleton block
JEN stack, itk block ) count. sum A1 mean. R stack T PN FH4E blocks Y means jifi /&

Hleft > Hright

A EATEIE, H combined sum/count HH mean; 4k4EE #| stack means strictly increasing. #x
JEEEEA block ) mean MRZ5 block WNAE x;.
WEZH E optimal. JAZNATIE, FANEZ block B = [r, s| FMEE prefix [r, k] &5 2

k
1
k—r+1iiryl_uB

5L, A means N up > pgr M two blocks B, f7F left block P prefix average 20K ur; #5
A right block ] prefix 7€M ARIIASHEACF AN, BANTHRZE weighted mean. T2,

EF block W,
k

k
o (@i—y)=(k—r+1) <MB—]€_71A_|_1§Z/¢) <0,

i=r
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M block endpoint AMZANAZE . HTHITHI7E® blocks [P residual sums #8Z, global S, <0, H
fE strict block boundaries & S = 0. & A\, = —S, {E53]4# KKT conditions. Al iZ %0 H 5k
#& unique minimizer.

&/ index R #E push —i&; X merge # block #—, FTLA merges 2% n — 1 K. stack
operations 5 5 @I &1t O(n) time 1 O(n) storage.

S ES (20 49)  existence/uniqueness 2 73 ; KKT cumulative characterization 5 473 ; block-average
structure 3 77; algorithm 4 4); optimality proof 4 47; complexity 2 47



