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Mock Qualifying Examination 08
ZHERE G E R

Problems 1-5 3£ 80 43; Problems 6-7 —i%&—, it 20 4

Problem 1 [10 points]

B A B)—4 orthonormal eigenvectors v;, 5

n

A
HSOZZCM, c1 #0, p=

2
— | < 1.
i=1 A1

T+ dominant eigenvalue N1,
_ k k
xp = (—1)"sgn(eq)vr + O(p").

FrLL vectors A B A7 5 A2 B MALEL, HE spans 8L #F Uk #& 71 5 span{v} I acute angle,
|
n 1/2 n
(S, NP (o, ),
ler] [A]® - c1]

S, & P, = xkxg M P, = vlvf, i

tan, =

| Py — Py = sindy, = O(p").

r xo FEHEMNHL |Ni| = [Xo| B eigenspace FHIAER &, MHrth2 sharps FRIRAE p HplH)oh
A & 5L bR & A i KIE dominant eigenvalue ratio.

ERESD (10 4)  HAFFSZE 3 475 spectral expansion 3 435 angle/projector formula 2 435
rate 5 sharpness 2 47
Problem 2 [20 points]

SEE5E ho T Fay SHER ZIRZ I H B — IR IR RZECEASINFR #1], & worst-case error
HIR, estimator MR 1,x, 22 Kfi. Bt

a+b+c=0, hic—a) =1, h*(a+c) = 0.
X ME—5RIE
1 1
a——ﬁ, b—O, C_ﬁ'

5 2, FUVEE S EEE A BEESE deterministic minimax estimator.

Taylor formula with integral remainder %

f(h) = f(=h)
2h

, MR?
= f(0)| < 5
AR R ZE R DTN

o
o(|al + 16l + lel) = 5 -
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PIIUA] LA IS S B f(2) = M23/6, FE42MmEIRRZED N —0 5 +5 (LEER BAEHS). fr
DL 52 h 1) exact worst-case error 7&

Mh* 6
B(h) = =+ 5.
£ (0,00) bME— stationary point i &
Mh & (38 1/3
3 2 T \Mm)

BIE 0<h <1k,

(36/M)Y3, 0<6<M/3,

* —

1 §> M/3,

HAEE 5 —3. &/ worst-case error A

32/3

7M1/352/3, 0<6<M/3,
By =4 ,2

5 + 0, d > M/3.

IR Z A unbounded coefficients EBH T HAth (a, b, ¢) ) worst case 2N infinite; cubic 5 adver-
sarial noise X IER]_FIRHE PR bound B — £ sharp.

S EL (20 43)  finite-error reproduction 2514 5 43; ME— coefficients 3 43; truncation 5 noise

bounds 4 43; simultaneous sharpness 3 775 4t & active endpoint 5 47

Problem 3 [20 points]

full column rank 5 consistency fRIUE Az = b HME— solution z,. i€ e = T — Tyo HATIE

£ row i, W b =alz., FTLA

T

€k+1 = €k — 5 Qi
llaill2

subtracted vector #& ey 7f a; direction ff] orthogonal component,

(a] er)?
-
[|aill3

2 2
lex+1lls = llexllz —

TEZRE ep, MIZAE FHL expectation, sampling weights 154782 row norms:

2 2 HAeng
E(llers1llz [ ex) = llexlls — e
F
A 2
o Umin(A)
p=1——"5
Al

Hi full column rank, omin(A) > 05 X omin(A)? < ||A|7, FTLL 0 < p < 1. singular-value lower
bound 5 tower property %5

E ||lzx — zully < p" oo — a3 -




THES N BT E L 08 ZHME

F0<p<l, MREARAHIE &2 ||z — 2.2, F4HH

> FIOg(l/a)-‘ '

— | —logp

WATH 1 — s < e™% 152 W AEH Y condition

|A]% 1
p>o 2IE g0, L
= o (A)2 8 ¢

# p =0, logarithmic formula ANM#H; conditional identity 8 —X update /& expected squared
error CVNZ, W 21 = z, almost surely.
factor #& sharp . B A = I,,, W% uniformly %% —> coordinate 34%1% coordinate error
EREE. it
Bllenl | ex) = (1- 7 ) lesl.

T o (A2 A% = 1. 8 k
1
Bl = (1- 1) lleol}

ER—PEEE] bound; n =1 [ANZH p = 0 endpoint.
%t dense A, precompute row norms 5 sampling table 7 O(mn) arithmetic. ] alias table J&
A O), B— row inner product Fl vector update 4 O(n), # k 1] total dense cost &

O(mn + kn).

X} sparse matrix, per-step cost AJ % HTi%E row f) nonzero count. AHEER T zero rows; 75 M)A
ZIMIBR EATER probability zero.

S E R (20 4)  one-step orthogonal identity 5 47; conditional expectation 4 4J; singular-value
rate 55 iteration count 5 4; endpoint/sharpness 3 43 complexity 3 77
Problem 4 [15 points]

smooth radial function 7E i £if#) radial profile Bf5 even extension; Rl ¢'(0) = ¢ (0) = 0.
MAE— Cartesian direction BU%PR A] 15

Au(0) = d¢"(0).
M H even Taylor expansion,
h? rt 6
d(h) = 6(0) = 70" (0) + 576 (0) + O(n).

Al origin equation A

RN exact solution J& & i 4& T

e

17 ¢0(0) +0(") = £(0) + O(?),

—dg¢"(0)



THES N BT E L 08 ZHME

#4 local consistency & second order.

FH r =0 @M E—4E Neumann endpoint, % . mirror-point elimination 45 —2(U; —
Uo)/h? = f(0). EIBIEMZ —¢"(0), MIHIER radial Laplacian limit & —d¢”(0). %40 ¢(r) = r2
W= #F 5 mss —2 SIEME —2d; 2 d > 1 BEZEHN O(1), WA consistent. JEJFE A7 /T H

centered approximation

Uj+1 — 2Uj + Uj_l n d—1 Uj+1 — Uj_l

02 v 2h = 1rs).

ESES (15 43)  IEHf origin limit 4 4); center equation 4 43; even expansion 5 ~fMiEZ 4 47
AR —4EAL B J BB 3 e

Problem 5 [15 points]

continuous right-going wave e e (@=L) 3 9, 4 co, Kl 25 left-going branch M5 —2ick
#J multiplier. K[t exact boundary % # reflection.
Xt first-order backward difference, % 0 = kho fE j = N fRAN@%; field, incident 5 reflected
amplitudes 1] coefficients )&
a () =—i0+1—e  a () =—if+1—e".

boundary equation N ay + Ria_ =0, &

—if +1—e%
M) == g
Taylor expansion %
2 03 2
ay = e——ﬂ—l—O(é"l), a— :—2i9+9f+0(93),
2 6 2
N(]
R1(9) = _Z + 0(9 )
X second-order backward difference, dimensionless spatial symbols #&
3 4ot 4 20 3 — 4t 4 210
d(0) = 5 A
) )
_ T tdy
o) = =5 d_(6)
HH
i3 ot 5 0% 6 5
di(0) =i+ — + — 4+ 0(6°), d_(0) =—i0 — — + — + 0(6°),
3 4 3 4
(SE
62 3

At first- and second-order one-sided derivatives 73 7l ;=4 —B A1 i ] long-wave reflection am-
plitude. JFR[AJ2& incident branch ff] boundary residual 45124 O(62) F1 O(03), 1M reflected branch
] leading multiplier & O(0); FRiEEIHD—Fr. XU boundary consistency order B4 illiX B
i) reflection order, {H¥&AVFEIET4)5 convergence theorems
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WESES (15 4)  continuous outgoing interpretation 2 47; first-order exact coefficient 4 47

first-order expansion 3 77; second-order symbol/expansion 4 43; order interpretation 2 77

Problem 6 [20 points; optional]

e n=+ve. RE xp <a, FHAIEN, HH 2 € [—a,a). HHTIEE increment /04 ¢, i)
EELZAT 2a/c + 1 BEHIT a, FTPA N < oo,
I
Y = m—:, ¢ = arctan yy.

recurrence B yr11 = yr +n(1+y2). B zp > —1, tangent subtraction formula %5 H} exact identity

¢k+1—¢k:arctan< " >, 0<k<N..
14+ xp

XHEZEEET (0,7/2), #I%A branch ambiguity.
BE 0<r<a, & N7+ N SulZ&E—XEIL —r 5 r ) indices, 74 K, = N, — N. 1£
X B passage H' |zx| < 7 (threshold overshoot HEZums sl —2), #E— M1 &I

arctan

5 arctan : n

2. HEANSBEHZXIER « H5 54 fixed negative Fl fixed positive B2, Frlh

s
QZ)N;L —r —.

[
O 5

s
57
i]i:a

(1 —r)r <liminfnK, <limsupnk, < (1+r)x.
o nl0

TGP tailse N —a B —r BIUEATN O(n/r); TP AMEEZR /DR arctan(n/(1+
a)), OB nx (B8 N O(n/r). IEMIAEL, HiI o RS — 5 5Tk O(n). FTLAXT fixed 7,
PRt NN BsTERETE. %4 nl0, B4 rlo, 153

T
Ny~ — |, equivalently liﬁ)l VeN, = .
&

Ve

HERZES (20 4)  monotonicity/finiteness 3 75 1Ef scaling 3 775 arctangent exact increment

6 47; central passage bounds 5 43; tail/overshoot control 3 77

Problem 7 [20 points; optional]
id 1= (1,1,1)7, row player ff] security LP &

max v s.t. ATp>wl, p=1 p>0.

p?v

H dual 1E/& column player ] security LP:

min w st. Ag<wl, 1T¢g=1, ¢>0.

q,w
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finite-dimensional LP strong duality #iBHP# optimal values %%,

é\

1
= ~(3,1,2)T.
r 6(77)

B Ar = 0; XK AT = —A, 5 ATr = 0. # row player Hl p = r, WXEA ¢ #HH
rTAq =0, WURIF payoff 0. # column player Bl ¢ = r, M&A p #H pl Ar =0, #IE payoff [k
F 0. FHt

VUgame = 0, (p*a Q*) = (Ta ’l“)

/b —4 equilibrium.
B IEME—E . 2 p 24T optimal row strategy, W ATp > 0 componentwise. H1T r [ =
MorEARONIE, H
rTATp = (Ar)Tp =0,

FiRAE R B component WA, Kk ATp = 0. EIZE kernel 15
ker A = span{(3,1,2)7}.

HHA1Tp =11 p=r. HH¥, £& optimal column strategy i/ Aqg<0; H rTA¢g=0Fr>0
4 Ag=0, FTLL ¢ =r. BHANILEKN optimal mixed strategy #5 unique.

R ZE S (20 43)  primal/dual LP 6 43; kernel strategy 5 value certificate 6 43; strictly positive

weight argument 4 43; kernel /normalization uniqueness 4 7).



