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Mock Qualifying Examination 07
ZHERE G E R

Problems 1-5 3£ 80 4; Problems 6-7 —i%—, it 20 4.

Problem 1 [10 points]

Tpi1 :JTk(l—wi_l)
7 (0, 25) o B 24 | L > 0. 7E recurrence HHUMIRSG L =L — LP, # L =0,
/&\q:p—1>0&yk:mgqo iy

(L—t)7-1

— 4
t s tk—xk—ﬂ).

Y1 —yr =20 (1 —af)™ = 1] =
HifigaT go HT y — oo, Stolz—Cesaro theorem (E{X} increments KF1) 25 H
Yk
Yoo g=p—1.
k q=2p
FTLL sharp equivalent #&

v~ ((p— l)k‘)_l/(p_l).

4
Tp41
Tk

WS 72 g-linear, i/ sublinear (algebraic).

=1—at 1,

ERESL (10 4)  positivity/limit 3 435 IEFZE# 5 increment limit 4 735 sharp equivalent 2 43;

rate classification 1 47

Problem 2 [20 points]

p(a) =3 axPi(a)
k=0

Fr5E X (X & H orthogonal expansion #EH X} %)

Kaew) =3 2 ne) pio).

2
k=0

H#iZ5 orthogonality,

n

(p, Kne)r2 = p(§), [ Knells = Knel€) =
k=0

2k +1
2

Py(§)* > 0.

# p(€) =1, Cauchy-Schwarz 4;iH

1< pllz \/ Kne(6)-
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equality HHIN Y p 5 K, Bitbl; M point constraint i€ . Ft unique minimizer 5

minimum N

x . _
() = min ||p]l, = Kne(6) 72

=10, P(1)=1H

l — (n+1)2
Kna(1) = 52(2144r 1) 5
k=0
[
- V2
() 2 Z (2k + 1) Py(z [Pl = nrl
k=0

XER p € Py» [Al— representation 45 sharp inequality

n—+1
Ip(1)| = [{p, Kn1)| < 75 [Pl -

It A

n—+1
Cn: ’
V2

H K1 BFMERIEE scalar multiple I5 %] equality

FERZE S (20 99)  orthogonal expansion/evaluation representation 6 43; sharp lower bound 4 43

minimizer and uniqueness 4 43; endpoint constant/minimizer 4 4); sharp inequality 2 43

Problem 3 [20 points]
i »
=> dizl, v\ = (LA, AT
=0

# nearby root HH A(€) = A+ A+ 0(e2), MEIF p(A(e)) + eqa(M(e)) =0 13

5= ~qa(N) _ _v(/\)Td
P Q)
HT A d 38 real, Cauchy-Schwarz ] equality direction FJHL d = +v(A)/ [[v(N)]

absolute coefficient condition number A

5o JATEL sharp

()
S 2

IAEM companion eigenproblem 7532 [F]—&5%. BEEIGIE
Cv(X\) = Av(N).
HY left eigenvector w, 2 #¢Ji— component N 1, X 0<j<n—-2 EX

wj = N pe A2 Cjt1, Wp—1 = 1.
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H p(\) = 0 ATZBRIERIE v C = MwT; EE powers X

coefficient perturbation X} companion matrix [ perturbation f& C = —e,d”. X C(e)v(e) =

Ae)v(e) Mo ItEFe wT, 153 .
).\ . wTC’U N dTU()\)
T wle T PN

5 polynomial calculation F&4=#H[A .

multiple root B} p’(\) = 0, EI& first-order division K&L, 1 Hi# %A Lipschitz root branch.
Bl p(z) = 22, R constant coefficient BN —¢ J&, roots A £+/z: coefficient M E & O(e),
root displacement & O(1/2)-

HERZES (20 9)  root perturbation 5 43; sharp condition number 4 43; companion right /left

structure 5 47; eigenvalue perturbation link 4 43; multiple-root example 2 47 .

Problem 4 [15 points]

fE z; AbAF Taylor expansion. 1 h— = hj_1~ hy = hj; & ue C°, N

hy—h_ ,, hi —hiho +R2

Dou(x;) = u"(z;) + g U () + B u™(z;) + O(R?),

Hrt h = max; hj, remainder f£ quasiuniform family F uniform.
quasiuniformity R hy = O(h) HZF AR BT hy — he = O(h). BIE—M A GEIR
ilE first-order pointwise consistency. # sl mesh i &

\hj — hj—1] = O(h?) uniformly in j,

N odd-derivative term 4 O(h?), k% second order.
HNULHH quasiuniformity A2, BURE N, £ 0<a <1 [HE, 4 N 4 interval lengths K

14 (-1
=5
XK 2 RIS 1, H mesh ratio N (1+a)/(1 —a), # family quasiuniform. X} cubic u(z) = 3,
%A remainder, FfH

h;

4(-1)Y
-

(Do) — (2 = 20y ~ hyr) =

X 45t genuine first-order local error. X 45181 K T pointwise consistency: NRELEE A stability
argument I {EE HEITHPONREA BVP 1] global error 458

ERZESL (15 4)  Taylor expansion/constants 6 43; quasiuniform order 3 4; mesh-smoothness

condition 2 775 explicit counterexample/sharpness 4 47 o
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Problem 5 [15 points]

#0<r<1/2, =/ coefficients £ HAF14 1, FrLl update /& convex combination; ‘B {RFF
nonnegativity, FFiC
U] o < MU -

%2, convolution operator HJ /> norm s&
2|r| 4+ |1 — 2r|.

ZEAENT 1 HHEANE 0 <r <1/2. [F—450WATH isolated data FHHi: r < 0 fl neighboring
coefficient N f; 7 > 1/2 fff center coefficient J 1. K sharp range (BFEM A endpoints) &

0<r<

N | —

r = 0 #& identity update; r = 1/2 B} center weight A%, {IfR¥F positivity, HAREF K strict
positivity.
BV IP) weighted absolute summability fRIE L R #edgsi &k, FHL EAR stencil 5

1+72<C(1+(G£1)?)

I\
e

DA+ <Gy (LU,

j J
Fr UL AE S BN AR ne BN 241 = 2j + by 2j_1 = z; — h, E#% shift summation indices
153

n+1 __ n
MP+Y = My

PLE
M = (M7 + M) + (1 — 2r) M + (M} — hMg) = M}

i1

M = M

Xt second moment,

MY = p (MY 4+ 20 M7 + R2ME) + (1 — 2r) My
+ (MY — 2hM} + h2 M),

NID]

MIF = My + 2rh? Mg

R, My = M§, Frbh
MY = MY + 2nrh® M.

# additionally 0 < r < 1/2. r=k/h?, U° >0, H t,=nk, N

My = MY + 2, M]).




THES N BT E W 07 ZHME

X} nonnegative nonzero data, %
My M3

Vol 2 2
My’ ah = ~

Hh = M,
discrete mass 5 center of mass 2%, 1M

Var} = Var}) +2t,,

5 continuous heat equation [f] variance growth 584> —%(. # M{ = 0, nonnegative data A%,
SRR T LG TE -

S E S (15 4)  sharp positivity /contraction interval 5 43; mass 45 first moment 3 43; second

moment recurrence 4 77; time/variance interpretation 4 zero-mass endpoint 3 43

Problem 6 [20 points]

J:ﬁﬁ&v>0’ E&

v =—1—¢v".
Moo=V % v=0 411§ ascent time
v 3
dv 1 eV
= —2 = —arctan(vEV) =V — S + O(e?).
1= [ = artan(vEV) =V - - 4 0()
N H chain rule v' = v Z—v, maximum height A
% 2 4
vdv \% eV
H= — Y& 2,
o l4ev? gog( +evo) 2 4 +0(=)

i apex J§ v < 0. 4 downward speed w = —v > 0, NFF 52 H
w =1—ew?, 2 = —w.
# W N impact speed, H FRFIEEZET H 15
1
H = ——log(1 —W?).
52 log(1 —eW?)

5 EFE) exact H X%, 153

V eVv?
W= =V 10
V1+eV?2 2 (=)
descent time N
W 3
dw 1 1 eV
t) = ———— = —artanh W)=— inh Vv V—-—+0(e
b= [ = artanh(VEW) = amsinh(VEV) =V~ S+ O,
Al
V3

T—t¢+t¢—2V—T+O( )

apex 4 v =0, Pl acceleration #&T —1, FTLA 2,0 L H LR BB [A— height H HIAIL
fid; AEEIE FERBAISM o = —1 — ev?. expansions X} fixed V. H eV? « 1 A& X HEEHHK
%t V = O(e~"/?) uniform.
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FERZES (20 47)  ascent sign/time 4 775 height 4 43; descent sign and matching 4 775 impact
speed 3 77; total time 3 43; validity 2 77

Problem 7 [20 points]
XF[E € x 4 r = Az — bo triangle inequality 5 Frobenius bound %5
[+ Azlly < [Irfly + 1Al lzlly < Irlly + 2 |2l -

#ir#0Hax#0, B

r JIT
* =PI
1l fll

WA =p» B Az =pllzlly,r/|7lly, FTEGERI EFR . & r =0 2 #0, 8 r/|r| BEEE
unit vector; # z =0, M Az =0, BIILATH zero cases NI exact identity

max (A + Az —blly = |[Az = blly + p |zl -
Al p<p

JE 7] 254/ T deterministic convex problem

in (|| Az — b .
min ([[Az = bll, + p2],)

H#x continuous, HZEDHN pllz|y, # coercive; FIt minimizer f#7E. HFFARL strictly convex,
FrUUASBETC 24 75 FR uniqueness.
Wb#0. £ 2 =0, % differentiable, I gradient
_A%
161l
MM 0|z, |s=0 #& closed unit ball. convex optimality condition 0 € 9¢(0) FE TAELE 2.
fa

|zl < 1,

—A—Tb +pz=0
18]l '

i1

x =0 is optimal <<= HATbH2 < plb]s-

# b=0, =0 [ objective NZE, %R optimal; B ratio case HIHERR IE & Nt E 5B .

S E S (20 43)  upper bound 3 4); attaining perturbation /zero cases 6 77; deterministic convex

equivalence 3 77; existence /nonuniqueness caution 3 4rs zero-solution iff 5 47



