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Mock Qualifying Examination 06
ZHEME G E R

Problems 1-5 3£ 80 43; Problems 6-7 —i%&—, it 20 43

Problem 1 [10 points]

1t ep = 71, — . exact Newton step i £ #51fE local expansion

f(xk) Oé:O(€2)

aﬁk—f/(xk)— k)

AR step b exact Newton step 2 H i/ f/(21), FrLA

ext1 = O(e}) + #;k)

XA flar)/(f (@n)er) — 1, SHEREREE § >0, Rz, RAOVBIE o, T4

lekt1] < Clegl® + (1 + 6)nk|ex.

XTI rate estimate.
o <fg<l, BHSAE (140)7 <1, FHAE/DNAIRIRIL quadratic term, BIfF local g-linear

convergence. S0 FgAfHl,

e
lim sup e 1] < lim sup 7.

koo |€kl k—s00
B m, — 0 BN g-superlinears #5 ny = O(|f(zg)]) = O(lex|), WAIMHIEIA O(e2), #H
quadratic convergence.
USANBERE: B f(z) =2+ a =0, % rp = flar). W g =1, HITREEAEE s, =0, &
RAEAEATAER 2o AbAF

S ER (10 47)  local error estimate 4 47; —#F rate classification 4 43; endpoint &1 2 77

Problem 2 [20 points]

7 [E %€ nodes id

N
wl@) = [J (e - 23).
=0
interpolation remainder %3 H
[FAR
10) = In ) < o)

XA E RSB exact : B f=w/(N+1)!, W Inf=0H VD =1, g

0] o

(N+ 1)

E(xo,...,xN) =
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m] T 2R [—1,1] EF4R uniform norm fx/MF monic degree-(N + 1) polynomial; iX B [1]
bridge /& EAHEL ), TTA 2 T HBRGE 1 -
5E M Tinvy1(cosf) = cos((N +1)8). B leading coefficient Ay 2V, LA

t(a:) = 27NTN+1 (1‘)

/& monic, H [|[t||,, =27, H zeros N

(25 + 1)m .
= cog o T )T —0,....N
TSNy T

RFAE R

T UE A B monic polynomiale 4 & = cos(jn/(N +1)), j=0,...,N +1; $ZIX][A]
NGe EHE S, t(&) 1 £27N [A] alternating. # % —4> monic p W2 |p|l, <27V, MW p—t K
degree £ N, {HIEMAL extrema Z A BHLS, HMELH N+ 1 NAF zeros, F -

equality case WAREEIR. W ¢ =p—t B |pll, <27V WEKXBERFHSIG N +2 4
extrema I, ¢ HA alternating weak signs. &F—XAH4E extrema Z [AJ#BGRG]— zero. #5 AHAR
P intervals HILEE extremum & iX—4> zero, WM RFFFSHIE, #K ¢ £ & ARELL odd
multiplicity ZFid%E; 1% zero £/0°4 double. #HARLXFIEIL, WM intervals % H & A A1
zeroo. KIIEHE multiplicity 1P A, 3EE ¢ 20F N 4+ 1 4 zeros. H degqg < N, FJi. # ¢=0,
Bl equality RAETE p =t BF kA, t ZME— monic minimizer.

Zi b, B nodes #& Ty FJ zeros, FFH

271\7

xOIH}ENS(:EO,...,a:N) = N

TFEPEL (20 4)  fixed-node worst case 6 47; reduction to a monic extremal problem 3 43;
construction and normalization 4 77; alternation lower bound/uniqueness 5 4; nodes and constant

2§jo

Problem 3  [20 points]
é\
S=pBH'BT.
SHERE 0 #y € R™, full row rank Z5H BTy # 0, #§
y"'Sy = (B"y)"H ' (B"y) > 0.

FrLh S symmetric positive definite.
# & invertible block change of variables

HFEAHAAFH] congruence
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invertible congruence f£¥F quadratic form ] positive. negative. zero directions (Sylvester law of

inertia), JTLA

’inertia(K) = (n,m,0). ‘

R, K BF zero eigenvalue, [Ff] nonsingular.
X}F right-hand side, #5— block row %t

x=H(f-B"\).

RN AT, 153 positive-definite system

S\=BH 'f —g, x=H(f—-B)).

R AT 5% H 7 Cholesky factorization, B3R H-1f A& H-1BT, A% S; FXF S {E Cholesky
factorization, 3K X\ 3 back-substitute 53] z. FENTFEMAK indefinite K 1) factorizations

7t dense arithmetic T, FEEAN H 5 S # Cholesky. m > H-solve A XIERL S, Bl
O(n3 +n’m +nm? +m?) = 0(n3) (Al m <n); storage N O(n? +m?), HINfitE B

ESES (20 97) S =04 47; congruence 5 inertia 6 43; nonsingularity 2 775  block solve 5

J7; implementation/complexity 3 77

Problem 4 [15 points]

W EHHE TN
(PV); = (L= 0)Vjg+6Vjg1.

KNE &P periodic shifts ] convex combination,

1PV < 1Vlog -

triangle inequality /& periodic reindexing &5 H
Y NPV)I <A =0nY  [Vigl+0h Y [Vigal = Vi,
J J J

# discrete ¢!t contractive. Z$ absolute values J& [FIFf reindex, 753

hY (PV);=h> V.
J J

XS5 Y integer part ¢ FIR/NIEIK, HIEA CFL restrictions
exact characteristic foot N

rj—ar =xj_q— 0h,

YA T 2j_g-1 5 xj_q ZIAl. linear interpolation remainder %5t one-step defect

7| <

0(1—140
OO0 g )
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4 ™ N numerical /exact grid error. [ £°° contractivity,

(1 -6
00 =942 sup fuuga(cs )]l

n 0
||€ Hoo < H@ Hoo +n 2 0<t<T

# t, =n7t < T H. initial samples exact, I

TO(1 — 0)h?
e, < TPOZOR,

"
Olloco *

X H advection HFF ug, FrCAH ZFr SETCHCABER RIAEL. H—2, B 0(1-0) <0 < at/h,
B F uniform bound

T
e oo < 55 -

ZF—A bound E/NIRZSE repeated interpolation HJZEFH, 1A & time discretization error. #7
0 = 0, BHHZ exact integer grid shift, one-step defect NZE; X exact initial samples, Frf
time levels _[ ] nodal error # A%,

ERES (15 47) 1/ contraction 4 45 mass 2 47; characteristic-foot interpolation error 3

47 global accumulation and uniform bound 4 47; integer-shift case 2 47

Problem 5 [15 points]

RN right-going Fourier branch

Uj(t) = 090, 0<k< o
SE
—w?= —4—C2 sin? ﬁ—h
h2 2

(£ 3| negative wave numbers, MNAHRIEHL signed branch, A Z7EZE mi X}
I

sin| K'F.)

wh, sin(kh/2) dwy, Kkh
cph(k) = = Cm(h/Q/’ cg(K) = . = ceos -

1E k=0 BURR, PiF&EIIAN co 1E Nyquist endpoint x = 7/h, phase velocity A 2¢/m, {H group

velocity A%E. fHixkh=rm—-06 HOo<d<1, N
cd

¢g = csin(6/2) = 5 +0(8%).

Fr LA near-Nyquist carrier &K EA5LL frequency %) 2¢/h PRigHR%, {HH wave packet envelope JLF
AFed); ANHEHE “zero group velocity” %5 1 grid values AP [A] 284k, .
F—7J7H, * fixed smooth function,

2

h
DiD_u=uz; + Eumzm + O(h4)’

4
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BT DL (8] S B2 second order. ZEMTHE, X fixed k,

21,2
Wh = CK <1 — r h +O(I€4h4>> .

24

X5 Nyquist behavior N FJ&: consistency [# & [/& smooth physical mode, T Nyquist sequence
M k= O(h™Y), H derivatives 74 uniformly bounded.

R ES (15 47)  dispersion relation/branch 4 45 phase and group velocities 4 775 Nyquist

interpretation 4 43; consistency reconciliation 3 47 .

Problem 6 [20 points]

/?"\ UV = y,’ I)_“J
ev' +2v =0, v(x) = Ce /()

/ e~/ g

0 0000000

1 5 .

/ e=/9) g
0

XHEE 2 >0, BT 1; XEE 2 <0, BT —1. reduced equation xy’ = 0 fLVF turning point
P EUANF] constants, transition f7T 2 = 0,

é\sz/fo Hﬂﬂ:
/ T/ gg = [TE
0 2

X% boundary data 5%/ exact solution

Ye () =

uniform leading profile A

Y(X) = \/E/OX e 51245, ye(z) =Y (z/\e) + O(ﬁe_l/(25)> .

%k Z uniform on [—1,1]: 2 denominator ) LR 1 ZEHF] oo, A H

/ T e gs < ge1/22)
1

FRRLL \/me/2 BIf§ Eid bound.

%18 expansion y = yo+ey1 +- -+ K leading equation N zy) =0, REEE <05 z > 0517
45 constants, JCIETEFL— smooth outer series MU boundary data; EIEFE AT © = O(\/2)
1] distinguished balance.

HERZES (20 47)  exact reduction 4 435 outer limits/turning point 4 735 /€ scale 4 43; profile

4 4y uniform bound 2 4J; regular expansion failure 2 43
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Problem 7  [20 points]

JEilE permutation matrix J& extreme pointe # P = (XT+X7)/2 H X* € B,, Ml P; =0
(R B i nonnegativity A X% = X7 = 0. FATEESIH T H9ME— (L B H row/column sums 38
AR 1, M XT=X"=P.

itk, % X € B, A& permutation matrix. 7 positive entries H1E—" bipartite graph f
edges, N vertices & rows, Aifll/& columns. £ vertex WA —%k positive edge, NIXFRN row
% column AN 1, % edge BLEMAUN 1; i ANGEFA positive edge. X H A& —/ a1
isolated permutation pair. SEMFIXZE pairs J5, IF permutation FIRBELRIEIET —IEZ finite
graph, HHHEEAS vertex I degree /04 2, FrlLVEEH —4 cycle. bipartite graph H11% cycle
USEDNLEE

# cycle [ edges 22 B bnid +1, -1, HRAMEICHN 0, 193] matrix D. &—3Z5M row/column
HEE —1E—1, # D1 =D"1=0. B e >0 /M cycle LT positive entries, 4
Xt 4+ X

Xt =X +eDeB,, X 5 ,

Xt £X".

FTLL X A2 extreme. HlL

’ext([)’n) = {permutation matrices}.‘

B, #& nonempty compact polytope, linear functional #/07E— extreme point H{ZF| maxi-

mum. Kt fractional problem T finite assignment problem

TR, FB/DHELE—A permutation-matrix optimizer. EHAALE ties, AREWTI S FTE optimizers #/&
permutation matrices: optimal permutations [ convex combinations tH optimal. XANFZN “fF1E
—A L. n=1 MBI EBERAL.

R ESL (20 47) permutation matrices are extreme 4 77; support reduction and cycle 6 43

alternating perturbation 5 77; linear optimization consequence 3 4J; ties/edge cases 2 77



