THES N AR E L 05 ZHMRE

Mock Qualifying Examination 05
ZHERE G E R

Problems 1-5 3£ 80 43; Problems 6-7 —i%—, it 20 7.

Problem 1 [10 points]
e, =z, —a, HE

fla+e)=ae+ce? +0(e?), a=f'(a), c= éf”(a).

secant formula 25 H!
fla+ep)er—1 — fla+er_1)ek
fla+er) — fla+er1)

€k+1 =

BT ARE e —epy JERE]

Ch1 = éff,(((;))ekek—l + o(|exer—1])-
# local order N p > 1, NIRZEIRELIHE p=1+1/p, FrLh
C1+E
p=—5—
AN, fEEEABRPIE L, #F leprd|/|ex? — L, W
b ‘ () | _ () 1/p
2f"() 2f(a)

BHE f"(«) # 0 HEFR T leading recurrence iBfL; J& well-definedness F1 convergence CL7ERRIH]
HRAE RS H

R ESL (10 49)  error identity SR 5 455 M52 3 455 order 5IEIBILULH 2 4,

Problem 2 [20 points]

1% Fourier coefficients A f] THABRAIRF, 433 convolution representation

onf (@) = / " Kn(t)f(x — t)dr,

™

Hrp

i 5 () s ()

lil<N

it ]
Kn(t) >0, 1/ Kn(t)dt = 1.
27 J_,

SL.ZI15 3] positivity preservation PLA

loN Flloo < [[fllog -

1
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H normalization,

1 ™
onf(z) = fl@) =5 [ Kn@)[f(@—1) - f(z)]dt.
457 1 > 0, uniform continuity RVFILEFE 6 > 0,18 [¢| < & WHHGAEXNEN T nAEIZX § < [t| < )
Kn(t) < !

(N +1)sin?(6/2)’

FrbLiz X AR 48T . X B normalization %24 n. 1X{EM uniform convergence.
47 f 1 Lipschitz constant ¥ L, NI

L v

— < — t| K () dt.
lonf=Flloo <57 | MHEN)

7E |t <7 Lk,

Kn(t) < min{N +1, (N+Cl)t2} .

EBE |t = (N +1)7! &9 T, 55

1+log(N +1)

— <CL
lonf = flloe < CL——E =

XH CANY f, N JEKH absolute constant.

ESEL (20 ) FH kernel 5 47; positivity 5 normalization 4 43; uniform convergence 5 47;
Lipschitz rate 6 47

Problem 3 [20 points]
% T, AT WIHT k Bt leading principal submatrix. %5 —1TEIT determinant 7] %]

pr(p) = det(T), — pl).

St T — I YETE pivoting i LDLT factorization. B {#IEAF /N leading minor JEZE, [T factorization
F1E. H pivots W2

51%—1 _ P

dk—1  Pr—1

T congruence fR¥F inertia, T — ul [ eigenvalue 055 T negative pivots dp FIANE. T

dy = p1, dp = o — p—

dp, <0 <= pr_1pr <O0.

s

#{\j(T) < p} = sign changes in po,p1,. .., pn.

— R count W T MIKIAT recurrence, WA O(n). #ERILTHTFHFINIZE r /> eigenvalue, %G
B bracket & count(L) < r < count(U), FAEH midpoint p 715 count: count /N r NS
lower endpoint, 5% upper endpoint. it

—L

2
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0, bracket KEAMIL 6, ERAN

U-L
O(nl .
<n 0g — >
KPR EIE R S intermediate zero, FIXF p fF one-sided perturbation S A RF 5 [ safe-
guarded pivot; & CHFFRILTETE .

FHES (20 4)  determinant recurrence 3 43; LDLT pivots 5 43; inertia/sign changes 5 47

bisection logic 4 43; complexity/zero case 3 47

Problem 4 [15 points]
bt B RSN N
Vil =n)_ V7.
j=1

KEAET endpoint AEEEH S interior AH[E) quadrature weight. & X

N-1

h
VI =hD_ Vi + VR
j=1

B S5FREVEEL uniformly equivalent:
1 2 2 2
LIVIE < WVIR. <IVIE.

H interior equations,

N-1

N-1
2h Z UjUj =—a Uj(Ujy1 —Uj_1) = —aUn_1Un,
j=1

j=1
HAHERHT Uy =05 telescoping. outflow equation %5 H

hUNUN = —aU% + aUNUn_;.

P AAIN)E cross term 1RIFTH S, #)

d
T U@, = —aUn()* < 0.

FS):d

lU@ll, < V2 [UO)]],.

H. stability constant 5 h oK. IR endpoint IR full weight, ik cross term A&k, X
1E /& numerical boundary closure 5<% .

X} sufficiently smooth exact solution, interior centered difference jif &

U(xj + h) 2hu(33j h) _ ux(x]) + %U:r:m:(x]) + O(h4),
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L interior local residual & O(h?). TE zy = 1,

u(l) —u(l—h) h h?
- = Ua:(l) - 5“1:9&(1) + Fua:m:(l) + O(h3)7

B LA outflow local residual —f& 245 O(h). Kt pointwise local consistency /& interior second order-
outflow first order; A1) stability identity 4% & AN A RIAA uniform second-order truncation
error.

)5, a > 0 W} characteristics M/ R 454, continuous problem RAE z = 0 7% inflow data.
)5 — NEH ODE 21E 2 = 1 H one-sided difference 1&IT[F—> PDE, A& 50 continuum

outflow boundary data.

ERES (15 99) &I endpoint half-weight 4 43 ; telescoping energy identity 4 475 uniform norm

equivalence/stability 2 43; interior/outflow consistency orders 3 4J; boundary interpretation 2 43

Problem 5 [15 points]

¥ physical flux N J = —auy. H T4 half-cell I profile linear H flux A,

h h
UJ+1_UJ__J(2€L_+2CL+>

[KI I ME— TR BEY exact face coefficient #&

2a_ay

a=—7.
a_ +ay

SR N B &5 BT A 1X 28 profiles BiSE exact.
FEXE5K Dirichlet grid £, #ERFA positive face coefficient 184 a1/ HM conservative operator

] quadratic form A
Wy = Uj)?

hWUTAU = > a1y -

j+1/2
‘BIES; #FHAE, WA nodal differences A%, FH homogeneous Dirichlet boundary 1§ U = 0.
FEFE S face flux assembly ‘4R symmetric, #§ SPD.
arithmetic mean 51EMIRE 2 LA

(o +a)/2 (o tar )

2a_a4/(a— +ay) da_ay

ioagfa_ =k — oo, ZHAHLAN k/4, STIHCK interface flux; XA EX LA B/ per-

turbation.

TS ES (15 4)  series-resistance relation 5 43; harmonic coefficient 5ME—14 3 43; SPD 4 43

arithmetic high-contrast error 3 47



THES N AR E L 05 ZHMRE

Problem 6 [20 points]

Ls=1—x. N

x2 1 52
r— — == —

=5 5 918 =g(1) =g 1)s+0(s).

stationary endpoint [¥) leading contribution 4

ei)\/Qg(l)/ o~ ihs?/2 ds = eM2mim/4g 1) %
0

Ui Abel-regularized integral

&0 62 1
8671)\3 /2 ds = ——,
0 A

WA i€ 2¢/ (1)) Xe

7E£9E stationary endpoint x = 0, 4GH—IX integration by parts $#2H{ boundary contribution
ig(0)/ X\, FXTRIF—IR. H partition of unity 777 P ™ endpoints; H[E X [A] K & integration
by parts, cutoff boundary terms Hi¥H. H g € C3, T— stationary term A O(A~%/2). Bk

I()\) _ 62')\/2—1'71'/49(1)\/3_'_ %[Bi)\/2g/(1) _|_g(0)] +O()\_3/2).

x=14 ¢'(1) =0, scale N s = O(A\"V2), 4 O(A\"V2); =04 ¢/(0) =1, ordinary endpoint
cancellation H774 O(A71),

ESER (20 9) 75 stationary endpoint 5 scale 4 4); leading Fresnel term 5 4); stationary

subleading term 4 4}; nonstationary endpoint 4 43; remainder/orders 3 47 .

Problem 7 [20 points]

H D=0, HIREREZH™N; feasible ball s& compact set, # minimizer /77E HME—,

unconstrained minimizer & zg = D" 1bo #7
~1
Do), < R,

M 2* = xo A4 interior solution. # %55 AL, [Fl— z¢ JINME— minimizer, {H{7 T boundary
H multiplier J X\ = 0.
# ||D7'||, > R, £ active. LA A(||z||3 — R?)/2 M Lagrangian, stationarity 4t

b;
xi()\)_di-i-)\’ A> 0.
€ X
1/}<)\) = — (dz + )\)2
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HARL 2(X\) &ME— minimizer. [

blla) o
¢(R> < B,

X 18] [0, [|b]|5 /R] #&FI4E bracket. AJH bisection B safeguarded Newton Kt monotone scalar root;
IR evaluation N O(n).
54 R, 0. WA A= oo, FHH

s = b+ 00D, R= [, = 2 o)
It eA
b
Rl

TESE S (20 47)  strict convexity /existence 3 43 interior case 3 735 KKT reduction 5 775 scalar

existence/uniqueness 4 4J; algorithm 2 4); small-radius limit 3 77



