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Mock Qualifying Examination 04
ZHEME G E R

Problems 1-5 3 80 43; Problems 6-7 —i%&—, it 20 7. VL N3ED IR0 R TIRE, A 8RS H
X VR IR o

Problem 1 [10 points]
He=x—a. BEMNMHLTE factorization,

=€ (mh+eh),
" =e™ 2 m(m — 1)h + 2meh’ + e*h"}.

)l
f/2 o ff// _ e2m72{mh2 + 62[(h/)2 _ hh//]}

S5 WE e =0 BMEA mh(a)? >0, ALY e #£0 He/ M,  denominator JEZ,
FLUHEL step:
ff mh? + ehh’

f/2 _ ff// =€ mh?2 + 62[(h’)2 _ hh”]

_ M)
=e+ mh(a) e? + 0(e?).

HUR 72 2

€k+1 = — h’((oz))
mh(«

ei + O(ei).

R Z 72/ bR s 2 b («) #0, BN, HifF5 leading error constant A
)
mh(a)
N () =0, ZIRBUHE, EEb =, AfURIA KRS a = & H25E 73R
B2k, @5 77 e = 0 fRAFKH LW 0/0.

ESES (10 4) denominator B 5AEFM 3 4; step BIF 4 47 M. HESGBILIE 3

éjo

Problem 2  [20 points]
FEUCEAEIE n 192 WA EgIA
b
(r,s), = / (x — a)w(x)r(z)s(z) dx.

HFA (r — a)w(z) > 0 almost everywhere, XsE2IEEN. & 7, £HXSTZARPIME— monic
orthogonal polynomial of degree n. FrfEIFF5HILIBUERH 1, B n NEHFRFS 2q,..., 2, H
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2AE (a,b): XA P& ZF S EFAHRERXRECNT n 19 ¢, W (z — a)wrg ANES HAE
HNZE, 5 orthogonality 7 o

. nodes N a,z1,...,2,, 34 N AKX n+ 1 M7 LR interpolatory quadrature weights.
XAEE p € Py, TERRIE

p(z) = q(z)(z — a)mp(2) +r(z),  degg<n—1, degr<n.
F—IENH nodes A%, H
b
/ w(z)q(x)(z — a)m,(x) dz = 0.

2H I interpolation ¥EHA . KHiZ rule XF Poy, Fiffio
W ¢; e cardinal polynomial. T 5]2 € Pan»  exactness 45 H

n b
k=0 “

B EME— . 255 — A FEE rule HA W nodes 71, ..., 2, & Tu(z) = [[jo(z — 25)-
WA ¢ € Poo1y 2T (v — a)Tng MIXECAEIE 2n, HAESE quadrature nodes FANE.
exactness KT8

b
/ (x — a)w(x)7y(z)q(x) dx = 0.

monic orthogonal polynomial FIME—:45H 7, = m,, FTLA nodes #H[Fl; interpolatory weights tH
ME—. FRPK rule f7/E HME—.

ESEL (20 49) &I modified inner product 5 nodes 5 47; ZFRAALE 3 47; degree-2n exact-
ness 5 75 weights 1IE1E 3 795 ME—1E 4 7.
Problem 3  [20 points]
HQTQ =1,
1AQ — Bl = |All% + | Bl — 2te(QT A" B).

/7“\

M=ATB=UxvVT, ¥ = diag(oy,...,00), 1> >0, >0.

¥ R=UTQV, N R orthogonal, H.
tr(QTM) = tl"(RTZ) = Zasz < ZJZ'.
i=1 i=1

FTLL— minimizer #& Q, = UVT, FFH

n 1/2
min [AQ — B|[p = (HAH% +Bl7 — QZUi(ATB)) -

i=1
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A r=rank M. E5ERK R; =1 XFH i <r. orthogonal matrix fFJH:4> diagonal entry &5
T 1 B, #HM coordinate vector W24 [E & ; #FTA minimizers 154

I, 0
Q=U (0 W) vl weRMxt=n) Ty =

EANEIRXTFrik singular-vector bases J§&3%. $F7lH, minimizer ME— 24 HAY X

AT B is nonsingular.

# r < n, null singular subspaces L Z/SH A orthogonal choices (M n—r =11 W =4+1),
Fr AASHE—

FESES (20 4)  Frobenius-to-trace reduction 4 73; ek SVD 458 5 43 &/ME 3 40 &6
minimizers 5 77; ME—PE iff 3 7.

Problem 4 [15 points]
£ n A time steps JG, Uy REEMKEHILS indices
—np < j < ng.

K2 nr = T B, numerical domain of dependence 7EHJ4A B2k b W BEIX (6] Ky

h h
Inum(T) = |:_pT7 qT:| .
T T

1M advection equation HJ characteristic 5 H
uw(0,T) = up(—cT),

FrLA exact foot & —cT s

#r v >p, W —cT PREALT Lyum(T) 2005 v < —q, WESPAEAL T AN DL —MHETE
A, BT Courant number [# %, exact foot 5 numerical interval FJF B A—~5 M1 IE
o ATEFEMAS C° initial data, EAE L (T) KIEEGERAME, AL —cT BAFME. X6—
AW, PR numerical calculation £ (0,7) 45 H B FIRE, FONFTA#ENZERYILE grid
samples #ETE Lnum(T); 1HP exact solutions 7£ (0,7) MMEAE. X5 scheme X 4 E #5215
P JE. Fi—ME

FTLL exact domain of dependence A5 7E numerical one ', 7RE

h h
—pT— < —cT' < qT—-.
T T

2% T ItEH, 152
—q < il <p.

WAE JAfH stencil dependency; a, HJIEf 5 W EZMHT K.



THES N AR E K 04 ZHMRE

ESES (15 9)  n ¥ dependency interval 4 77; exact characteristic foot 3 47; smooth-data
SAUERIE 5 45 mAAFER K coefficient-sign B 3 43
Problem 5 [15 points]
18 Ly, M@ A S B T« X exact samples /F Taylor expansion:
(Lpu)j — f(zj) = O(h®),  1<j<N,

M v (0) =0,

FrLL boundary local truncation — %1 N
O(h) |.

% ej =Uj —u(z;), IHLL 75 = (Lpu); — f(z;) id residuale W Lye = —7 H ey = 0. & XH
GRS

d; = N , 1<j<N
WFRETT RS o "
N 70, dy 570 O(h%).
interior equation %5 H 4 _d
s e _h g+l = —7j, dj+1:dj+h7_j'
B4 7; = O(h?) uniformly,
j—1
i < |di| + 1> 7] = O(B).
k=1
%EEE EN = O;
N
ej =—h Z dk,
k=j+1
NI]
lell oo = O(h?).

A 1% boundary closure #& pointwise first-order consistent, #I7EX/M—%E mixed problem /325
i second-order global maximum-norm convergence. # exact solution &{# u"(0) = 0, boundary
residual AJRERE F My, (H—ME5RAE ., ik & sharp 1: B u(z) = 23, W f(z) = 62+ =1,
interior residual 15 AEIM 190 = —2h. LHIFEHEHELS H

dj = —hQ, €; = (1 — (le)hQ,

BT Jlell . = h2.
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ESES (15 4)  boundary Taylor residual 4 43; error-slope reformulation 4 43; slope A
4 4y; global order S5HFRIETE 3 47

Problem 6 [20 points]
4
ron (2,7) = % sin(mz) sin(ny).
‘AN L2(Q)-orthonormal, H —A¢y, = (m? + n?)dmn. L eigenvalue 5 ff eigenspace J&
E = span{¢12, p21}.
W V(x,y) =coswcosy. 5 u=1ug+euy+---~ A=5+eu+---, MW—FHFEHN
(=A=5)ur =—(V — pug

Fii WA G HA B IEARS . K ug UAE V restricted to E ) eigenvector, A Z{EH— coor-
dinate eigenfunction f& R & — scalar condition.

£ ordered basis (¢12, o1) H,> FIH
<\/2/7Tsinx,Cosx\/Z/wsin2x> =—
H. diagonal integrals N%, 5% perturbation matrix

0 1/4
1/4 0

Hp =

H normalized eigenvectors A (1,1)7/v2 5 (1,-1)T/v/2, eigenvalues A 1/4 5 —1/4. &

¢12 £ P21
V2

X B A signs AR FNTFECAS . BT —MBIEE S, fE785/NEE ¢ TN simple branches;
B H RELR formal first-order expansion, A5 ZLi# B =241 operator perturbation theorem.

Ae(e) =54 - +0(?),  ux=

1 + O(e).

FERES (20 47)  HA 4 eigenspace 4 75 58%# solvability projection 4 755 FEFEITE 5 475
splitting 55 eigenfunctions 5 77; simple-eigenvalue %X 2 7

Problem 7  [20 points]

HESHMY ||z|| — oo BT LS, B minimizer f77E. XK =A vertices A3k, F ™%
P EE@%W?AT [E] AT B B B 5SS, I =4~ Euclidean norms [ triangle inequalities
WA S S, IX 2 = A vertices ATEfER—HE 4 E. K minimizer ME—.
S vertex apo 10
ap — a;
Z | az”2

i#k
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WAEEJ7 A d 1 one-sided directional derivative SN

F'(ag;d) = ||d]5 + si d.

EXHT d

124 < 1. # 0, /& triangle £ a;, FINFM, N

Iskll3 = 2 + 2 cos .

[

Hsk”Q <1 <= 0> 120°.

H convexity, IXIE&Z ay N minimizer P78 E %M.
F AT A N AER/NT 120°, minimizer x, A& vertex. FER A —B 24 A

Z T,

|2 — aill

=/ unit vectors ZHNZE Y HACHENTHM I AN 120°. A o, ANFTHELE triangle Fb: £iAE
4R, separating line 45 tH— 51 d, fEATA dT (z, —a;) >0, 5 L& vector sum AETFF,
I 2, J2 triangle WEBA AR ER . B BN THKIAR relative interior, HUZiAIEF] triangle A
vk d; W dT (z, —a;) > 0 X =A vertices AL, HXTHIN vertex “#AIE, [HFES vector
sum AFEFE. B z, HA triangle WEME—— 5, HEEEE =4 vertices [ =KL B M
B 12000 SR, ARARNH % LRI S AR I R AT gradient N EF, B RS convexity Wb AME—
minimizer.

2. HIHERNMED 120°, 1% vertex & minimizer; 750 minimizer &&ME—H] interior Fermat

point, H =ZIELLPHPAL 120°,

TESES (20 &) HFEE™EME—M 4 4; vertex directional condition 5 73; 120° #|¥E 3 4
interior gradient geometry 5 755 AT AL B IIRIE 3 7.



