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Mock Qualifying Examination 03
ZHEME G E R

Problems 1-5 3£ 80 4;; Problems 6-7 —i&—, it 20 7r. PLFiFo4R R TEAE, AR RS
X AR o
Problem 1 [10 points]

fr>0 00 HELAME—. 18 e, = 2 — o M e, # 0 B, mean-value theorem %5 H AT 2,
5 o 281 &, #
flar) = f(&r)ex-

(A
ehr1 = (L—wf'(&))er,  lert1] < q(w)lexl,
Hrp
= 1-— = 1-— 1—wMl}.
q(w) mfgsagw ws| = max{|l —wml, |1 —wM]|}

YRR RV f SYMEFRIE contraction, T ¢(w) <1, Bl

2
0< < —.
YSu

PER Jer] < q(w)¥leo] — 0o
N T E/ME worst-case factor, NP X ] P 5 A T 45 5 R 22

1—wm=—(1-wM).

i1

2 M —m
T m+ M = Mym
REAGERAIE m =M WG, ME ¢ =0, —IREER.,

Ui s /2 sharp B % w = 0, AEWYMERFTFAD): H w =2/M, B f(z) = M(z —«a), N
ept1 = —epr AW B w > 2/M, FE—NEMAITEE |epia]| > ler|o BIEARRY K ERIX
8] o

Wi

WAER (10 7)) RZEN mean-value £ 2 7 SEEBIEUXIAE] 3 705 minimax ZH 5K T 3

N

43; Ui AL sharpness 2 47

Problem 2 [20 points]
% s il PN R secant line:
s(@) = fla) +plx —a),  p="m—m—
HH mean-value theorem Fl f” > 0, fFA{EME— & € (a,b) £
F1(€) = n.
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BRAL f — s PR, FEMIONE, JRME & IUSME— R/ ME. D
D =s(&) - f(§) > 0.

M —D < f(x) — s(xz) < 0. EX

HaRZE 2
f@) ~p @ =", [O - =2 [0)-rb)="5
HABANXENLMEARET D/2, KtEEiRzEN D/2.
T [E] IR R S AP EATE— P . 55— affine function N p=p*+¢, H | f —pl < D/2-

£ a,b AR AR ZS

)

q(a) 20, q(b) = 0;

1E € Wbt q(€) < 0. {H affine function 7£ A& s I E A2 i 2 AH ™% convex combination, #
q(&) > 0. TH& q(&) =0, F#t—PIaM q(a) = q(b) =0, Frbl ¢ = 0. XUER] p* &ME— minimizer;
BAFERZE AT D/2 FES, ERFFSRLEIPE.
Xt f(z) = e*s [—1,1], secant line
s(x) = cosh1 + xsinh 1.

A e =sinh1 ffisE, AP
¢ = log(sinh 1).

SN:a
D = cosh 1 + sinh 1log(sinh 1) — sinh 1,

I H.

D D
p*(x) :coshl—i—xsinhl—;, e —p*]l, = 5

ERES (20 99)  secant SME—HNI T 4 43 WG NARER 5 45 I 4 555 M 3 4
e® M 4 5.

Problem 3  [20 points]

—

B A 1) orthonormal eigenbasis vq,...,v,, 5

1/2
n n /
T = c1v1 + E cvj, |c1| = cos b, g c? = sin6,

Jj=2

HA 0 = Z(xp,v1) € [0,7/2]. Rayleigh quotient i /&

n

Pk — )\1 = Z()\] — )\1)6?.

Jj=2

i i,
()\2 — )\1) sin20 S Pk — )\1 S (>\n — /\1)sin2 0.
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%‘ T 75 U1 H 6 E@%d\, )H\[J

bk A — pp] 7T 5, EAAHE Lo
{E[F]— eigenbasis #,

C1 Cj
j:

v
A1 — Pk
H—AA KA, K

- A
tan Z(xgy1,v1) < Pk = tan g
A2 — g
2(An — A
< g sin? @ tan 6 < C tan? 6.

TN
IXUEBH eigenvector angle H /&K cubic convergence.

FiH Rayleigh quotient error 5 sin? 6 ) E NN KR, 53
0 < pri1 — A1 < Clpr — \)>.

Atk Rayleigh quotients %F Ay W EAJ5HE cubic order; #HHE—H & v, FIEEEEL L, #h
SRf# singular shifted systemo.

FAES (20 47)  HWEAAFR K Rayleigh error 5 735 JR#h well-definedness 3 435 MEHAEAI 5

475 cubic bound 4 43; eigenvalue order 3 7

Problem 4 [15 points]

1. commutator [A, B] = AB — BA., BEEAC="T485000 R RIT B =/ JF Aok, w15

3

3
S — e’ = —[Q.[Q. L] - (L. [Q. L + O(7).

—. ZHIisE4e—3, Bl local error 2§ O(73). TE[E £ LR, R stability f# telescop-
ing error sum A 7%, 1% time discretization 4/ .

T L,Q #5 symmetric negative semidefinite,
ety <1 €@l <1 @20

TR

S]], <1 for every 7 > 0,

B JE25 A+ £2 contractivity.
X} nonsymmetric product, i EIFZA

2
e7'Qe‘rL o 67'(L+Q) — %[Q,L] + 0(7_3)7

FTLL— M H A global first order. # LQ = QL, FiH commutators #yHI, H
eTQ/QeTLeTQ/Q _ eTQeTL _ eT(L+Q)

I

PR splitting &2 KA
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ERES (15 4) HEEIF K leading commutators 6 475 local/global order 3 435 JoakfFa e

3 47; Lie product 1 commuting case 3 73

Problem 5 [15 points]

A k) — k) — >, %FJE B Fourier mode ej = e?,

2 —2cosf
T ©

#—K weighted Jacobi step HJ amplification factor N

Ape =

2—2 0
gw(e):l—wﬁ

fEr/2<||<m b, &s=1—cosO€[l,2], TEHRNM

max |1 —ws| = max{|l —w|, |1 — 2w|}.
1<s<2

B I PR i S5 5
l—w=—-(1-2w),

Fir A

2 1
-z d 0) = —.
Wi = 3:qqua W/ergl?@fgwlgm( )l 3

KU — SRR B S X R 2 B D Ha /N B =00 22—
fH 6 = 0 I constant mode /& ¢,(0) = 1; XWX periodic Poisson matrix [ nullspace.
B BR il £ mean-zero subspace, B/NEZFWEL Omin = 27 /N = O(h) 115 2

2
92/3(Omin) =1 — 5(1 — €08 Opin) = 1 — O(R?).

Kt spectral radius B b — 0 T 1, EBRESIREFRE O(h2) IREHIMIE. weighted Jacobi
F&H 1 high-frequency smoother, 14/ mesh-independent solver; P& A RETRI .

WESES (15 4)  RH mode amplification 4 43; &4l minimax @ 3 7 &N E ST 4
43;  constant/low-frequency K& mesh dependence 4 3.

Problem 6 [20 points]

LB T = et, FHE
yo(t, T) = A(T)e' + A(T)e ™.

7E O(e) ITFEHFW 2 e 11 resonant forcing, 33
2iA7 + 2iCA + 3| AP A — geiﬂT =0.

BB forcing 41 frame: A(T) = B(T)eT. N slow complex amplitude j# /&

F
2iBr + (—20 + 2i)B + 3v|B|*B — 5 =0
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X2 leading modulation equation; HAFNC A
y(t) ~ B(gt)ei(l—i-aa)t _{_we—i(l-f—aa)t

7t slow time T'= O(1) L4 H formal leading response.
steady locked response jifi ;£ Br = 0. % physical amplitude R = 2|B|, X &AL FEHUE,

2\ 2
<0__3’Y8‘R> +C2

XZEKT R? 1 cubic equation, HALAME—IEMR. #HlU4 s = R%. k= 3v/8, KimtR%Ch

2

2 -
R =

G(s) = s[(o — ks)* + (2.

ko >0 H |o| > V3¢ M G'(s) AHRANIEZ S ; S FAIN R 2 [ 1) forcing levels, J
H=AIE steady amplitudes. #7 v = 0, ZLumkf s N2k, steady amplitude ME—. @H AR ERKM
branch stability AN AEIX FHIX %% response curve R,

ESES (20 49)  slow scale 5 leading ansatz 3 4 \; resonance removal /& complex modulation
7 47; rotating frame 3 4); steady response curve 5 43; ZIEAE K AEMRRE 2 41

Problem 7 [20 points]

X basic indices, H ALy = cp FI%1 reduced costs NH%. id
ry =cn — ALy
YTEE feasible x, FIH Az =b, B
e —bvly=(c— ATy) Tz = rian.

47 ry > 0 componentwise, NI z* i£%| dual lower bound by, #E. £ —A [ feasible x
WA HEA nonbasic component A IE: Bl zy =0 H Apzp =b 201 25 = 2. bl rLay >0,
M cTa > claro Hk o> 2.

St ok, [ € — nonbasic column a;, & X feasible direction

d; =1, dN\{j} =0, dp = —Aélaj.
cl'd = cj — ch]_Blaj =rj.

HT 25 >0, MAS/N¢>0, z*+td>0; XIEARZ nondegeneracy #fd 2 ik
4 r; <0, Fi& feasible point MIHFRMER N, o Agih. & r; =0, WRR S —DARK
feasible point, H HARMEAFE, BTl o* ARME—HAN. S — &I BREREA r; > 0. 7L,

x* unique optimal <= cy — A%y > ( componentwise.

FEPES (20 ) reduced-cost identity 5 43; JEASIEMERI R ESME—M 5 75 MiE feasible
edge direction 5 73; 1 /% reduced cost } nondegeneracy fEF 5 73



