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Mock Qualifying Examination 02
ZHEME G E R

Problems 1-5 3£ 80 73 Problems 6-7 —i%&—, it 20 7r. PLRW 4R R TR, A
XF AR RN o
Problem 1 [10 points]
JEiF fixed point PIAFTEME—1E. BN é([a,b]) C [a,b]s
¢(a) —a >0,  4(b)—b=<0,
BEME R B DDA o<y, W o(x) > d(y), MM
[¢(x) — 2] = [8(y) — y] = d(z) — d(y) +y — 2> 0.

W p(x) — o PRI, T o ME—.
% 1) = ¢o¢. H chain rule,

()] = ¢/(¢(2))¢(2)] < q.

T5& o 1£ [a,b] L7 contraction, H ¢(a) = a. XEA k >0, mean-value theorem %3

’ |zp1o — alleq|zy — ‘

AT AIMETAEHUER L ¢ WEERETFET o, BANTHHKEE . B SIES H posteriori
estimates

|Thto — 2k q
IPh+2 7 TR —al <
1_ q ) |$k+2 Oé| =71_ q

‘EAITH contraction AR telescoping bound 133, VER, WIEFFARER ¢ AFE P HNZ con-

traction.

[z —al < |Thyo — Tkl

WaER (10 ) AshSAEmwEmE—1E 3 705 A 3B K contraction 4 705 PIAFRZEAG TH
E L6 GRS

Problem 2 [20 points]

X E z € [0,1], & K RMASECA (n,z) ) binomial distribution. # H A EZ A 1,
H
(Bnf)(x) = Ef(K/n).

1Y = K/n. BH#%H binomial moments 1§

EY -2)=0, EY-2)*= <
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JeW f DUESE. 455 6 >0, M f 1 modulus of continuity wy A Chebyshev inequality,

[Bnf(x) = f(2)] < wp(0) + 2| flloo P(Y — x| > 5)
1/ 1o
2nd2
Hing x LK. LS N, B n— oo, B ||Bf—fllo =0 £2z=0,1HY =z JlFL
W, HH R, Homathoad.
NHW f € C?[0,1] —F Taylor EFF 0] 5 k&

S Wf(5) +

fly) = f@)+ fl(x)(y — =)+ %f”(w)(y — )%+ (y — x)%p(x,y),

HY ly —z| = 0B, pla,y) — 0 X 2,y € [0,1] —Bukor. BUREE, LUEDUEE, %

n(Baf (@) — 1)) = LD 1) B [(v — a0t )

i — 85 5 — 0. binomial VU H O A

4_ 32%(1 — x)? n z(1—2z)[1 —6x(1l — )]
2

E(Y — )

n3 ’

R HLLEXHE BN O(n2). 45€ 0 > 0, MR Y — o <6 HHAMENTT. B Ak

n

1
7, 5up lp(x, )|,
ly—x|<o

5
RE[(Y = 2)"Ljy yjss] € SE(Y —2)' = O((n6%)7")

}%ﬁ%uo 5'6/?"\ n — 00, E/?"\ (5 J/ 0, %Iﬁggiﬁgo .[H:

f"(z) uniformly on [0, 1].

PERES (20 4 HPIBEL “WE 4 7 ELREB—BUE 5 4 B Taylor 310 4 43
VU AE 5 — 3R s H] 5 4 Ui AT 2 40

Problem 3  [20 points]

A=QAQT, A = diag( A1, ..., \n), A > 0.
ALY =QTXQ. D=QTCQ, FIfEtN
(Ai +A;)Yij = Dj.

PR e —fig oy

Y =

X =QvYQT.

D X#R, FiLY 5 X WX#K. — eigendecomposition. P{X basis transforms FliZ G & FRIEM)
& arithmetic cost A O(n?),
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fE Frobenius inner product F, #i[E qiq]T MIRIEAS 3, H
L(giq} ) = (Xi + Aj)aiq] -

i
1

I£]l pp = 2Amax(A), 1€ e = min (A)°

F /& sharp condition number &

op(0) = 320 = ra(4),

WJh, C =0 MWfZEE X =0, EARERH A. C FRXTAL, FAEATARY commute. & X
)N(:/ e tACe 4 gt
0

HT A= 0, BoUs. X integrand 3K T35,
AX + XA =~ / %(e_tACe_tA) dt
0

=C.

MMM, X =X. & C =0, 84 e tACe A % positive semidefinite, LA/ FIFE, #

Cr-0=X~r0]

ERES (20 9) ELFIME—fE 6 77 FIEEEAE 3 75 operator condition number 5 735 A
K commutativity B positivity UEBH 6 47

Problem 4 [15 points]

S HCHARAE Taylor FETF, L[] 2 40 R4S ] 245 43 B — W% %, 1 normalized local
truncation error A

O(72 + h?).
% v =ar/h, N mode U = (e, 35|
¢? 4+ 2ivsinf¢ —1=0,

RN
(4 = —ivsind + V1 —v2sin’6.

Ml < 1B, BARAE. ERME L, mH el mMES AN 2v1 -2 > 0. Kk
(LR Z G E R E P mode coefficients —EUA AL, ¥ 7 B AL iR LR € o

i |v| > 1, ATLURFRMAS BT [vsing] > 1, M —RERAE S, A FRE. & v =1,
T 0 =n/2 BN EIRES N —isign(v). —REE

(c1 4+ me2)(™,
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#O6 arbitrary two-level starting data HIUZRIER K . T2 8 H BT E R IF) uniform stability HAE

o 2
i<}

20— 00, ¢ —1, BEIYHE advection mode; H—HR (. — —1, SIEFHLRE ]2 Z (8]
LEFTS, s three-level recurrence ZAMEM I computational /parasitic mode. FEFKJE 30 LA
e, (HIXAREE AT Z W Z R A e 2K .

ESELS (15 7) —FME 3 75 X amplification equation 4 4); g As € X 8] A i s B AR 6

J7;  physical/computational modes 2 4o

Problem 5 [15 points]

! -
P=—.
2e
1F interior node, centered scheme N
€ 2¢e €
—ﬁ(l + P)Uj,1 + ﬁUJ — ﬁ(l — P)UjJrl = fj'

M HAY |P| < 1 KA off-diagonal coefficients #EIE. LLE# L,V > 0 H boundary values of
V 44, ) interior minimum 5 FRREFF SR E; FESHEEAEETMMHA R EAER
boundary. K ItASL discrete comparison principle:

bl
2e

NE MFAF R ENE R LBER R, & f = 0. BREHARSL, homogeneous recurrence 55—

/™ characteristic root #&

BIUNEL boundary data Uy = 0,Uy =1, 2 P # 1 i

rl—1

JpN —1°

Pl > 1, W r <0, 4B powers BT Ll B UM R I 7 AH 2L 15 5 (8] 72 4 mesh-scale
oscillation, FFXTi&E 241 j B boundary interval [0,1], FrLL comparison principle KM, X3
I BME A R e — DN IT I 78 70 564

£ P = 1 BAM off-diagonal coefficient A%, recurrence B N[ lower bidiagonal
system; fE P = —1 B2l coefficient A%, 152|477 M) upper bidiagonal system. P51k
FF comparison principle, WEEZE S LIIEE .

ERESL (15 43) S stencil X LENRIE 4 475 comparison principle 78514 4 455 char-
acteristic root SEESMRG 5 7 S TIRUEIE 2 7.
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Problem 6 [20 points]
“TER R iBI rescaling 0”1
u(z,t) =t “F(¢), €&=axtP.
JFE BT F R4 o = B PDE BIIARR T4
a+1=2u+28.

FIrEA

profile equation ~
1
—g(F—i-fF') = (F?)".

WIERT € = 0 XFRAIME. (2 IR BBy — I, FREEHF 0T flux, 155
%gF = (F?) =2FF'.

RAE F >0 4

W L=+v12C. FigEN

o= (2"

—-1/3 a?

peak A Ct~1/3, support A

lz| < V12C t'/3.
fEIESEN, L& profile ODE C3&IF PDE. Bzhftit F =0, HH (F?) = 2FF =0, Frb
physical flux (u?), MIFE—MFETZE; SMUIEHE . X2 HPTER P interface check, F£AAEH
FA weak-solution theory .

R ES (20 49) REFRE S5 575 profile ODE Hf# 6 475 FiE=H 4 4 475 peak/support 2 775
PDE #1 interface flux i 3 47
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Problem 7  [20 points]
2 Vi(x) RRIERE 2 = 2 BN k DBIZ S BB/ coste Zumsk
Vn(z) = qp2®.
AN Vir1(z) = prr12?. Bellman recursion 45
Vi(z) = qz® + ming, {ru® + pgy1(az + u)?} .

KA 7+ pryr > 0, minimizer ME—, H

apg+41
wp = — P+l
T+pk+1

(NMEESES

2
a"TPg+1
+ —

) Vk X :pkx2'
T+ Prt1 (@)

PN =4y, Pk =4q

IRAERIT TE RS
T(p)=q+ ,  p>0.

B . fixed-point equation ZE T
p*+r(l—a®) —qp—qr=0.

PIRRIRFN —qr < 0, #UIGH — A IER

_a+(@=Dr+ VIr(l—a®) — g +4gr
P+ = 9 .

HO0<p<pi, Mp<Tlp) <pgs #p>psr MWpy <T(p) <po FMMER qF > 0 HK,
TN (qr) BT F— pyo XIERZ remaining horizon 3 KB4 value coefficient [IHK.FR -
PR BR S 15t

ap+

u=— z,
T+ P+
# closed-loop multiplier &
ar
ae) = .
4 + D+
i fixed-point equation,
_ a’rpy
P+ —qg= "+ py
‘_£| a ?é 0 Hﬂ',
r(p+ —q) r

|acl|2 = < 1;

p+(r+p+) ot
M a=0HKER aqg =0, Frll limiting closed-loop system xj1 = aqr) asymptotically stables

TS ES (20 49)  Bellman recursion 5 kXM IH4Y 5 4; feedback #1 Riccati recursion 5 47;
1E fixed point S AT & % REIIEL 6 435 closed-loop stability 4 47



